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ABSTRACT

Though advertising is extensively used by business firms to pro
mote the sale of their products, a consensus is that most firms have
appropriated funds without knowledge of their optimum level of expendi
ture.

Therefore, the purpose of this study is to develop a time-series

model which represents the most important and theoretical relationship
between advertising and sales for an industry and to develop a method
ology which includes the model that will determine the optimal adver
tising expenditure for a firm.
In developing the specific model of this study, constraints are
placed upon the application of the model.

These constraints are:

(1)

the industry produces a non-durable good,

(2) the firm competes pri

marily through advertising,

(3) the physical products of the compet

ing firms are homogeneous,

(4) the product is in the established phase

of its life cycle,

(5) the character of the population is constant ex

cept as to size, and

(6) the industry is either a monopoly or an oli

gopoly .
The model developed is nonlinear with the general form of a
Gompertz equation.

Certain modifications are made to the basic Gompertz

form to provide for a variable saturation level of sales over time, for
a lagged effect of advertising, and for changes in the productivity of
advertising over time.
The plan of this study is to use the model to generate the ex
pected sales for the industry at various levels of advertising expendi
tures and to proportion these sales to the firms according to their

ix

historical market shares.

The assumption is made that each firm would

maintain its historical percentage of the total industry advertising
expenditure for any given year.

The marginal costs at various levels

of advertising for the firm are calculated using these sales estimates.
Marginal revenue is taken to be equal to the actual selling
price of the product at all levels of production.
The optimal advertising expenditure level for a given year is
calculated, assuming the firm’s goal to be to maximize profits.

The

optimal advertising level is determined as that advertising level which
equated the marginal revenue to the marginal cost for the product.
Demonstrations are presented to show how the methodology can be
applied by actual firms.

Advertising expenditures of the Lydia Pinkham

Medicine Company and of the cigarette industry and selected cigarette
brands are analyzed.

Each demonstration is presented as a.hypothetical

example because of the necessity to assume the values of certain cost
data, certain competitive reactions, and the goal of the firms investi
gated.
The model, when fitted to the data of the Lydia Pinkham Medicine
Company for the years 1941 through 1956, explains 81.9 percent of the
variation in the data after a correction is made for the degrees of
freedom.

Subject to the assumptions made in the study, findings indi

cate that the Lydia Pinkham Medicine Company was consistently under
advertising during the time-span studied.
The model, when fitted to the data of the cigarette industry
for the years 1929 through 1939, explains 98.0 percent of the variation

xi
in the data after a correction is made for the degrees of freedom.

Sub

ject to the assumptions made, it appears that the cigarette industry
and each brand of cigarette investigated was underadvertising for each
year investigated, though the relative degree of underadvertising was
far less than that found for the Lydia Pinkham Medicine Company.

Chapter I
INTRODUCTION
Rationale for the Study
Over the last two decades the amount of money spent on advertis
ing by business firms has increased substantially,'*' but it is a fairly
well accepted opinion that firms have set levels of advertising expen
ditures without determining if these levels are optimum for their prcducts.

2

The failure to set optimal advertising budgets stems from either

a failure of firms to find the relationship between their advertising
3

expenditures and their sales

or where such relationships are estab

lished, a failure to utilize these relationships to determine cost-benefit ratios for alternative advertising budgets.

While the literature

is filled with theories about the effects of advertising on sales and
attempts to quantify these theories, no methodology has been presented
which incorporates the most comprehensive aspects of the theories into
a procedure for determining the optimal level of advertising for a firm
based on the historical data for its sales and advertising expenditures.

During the pre-World War II period, the national dollar figure
for advertising averaged 2.0 billion
dollars annually.
By 1949,this
annual figure had increased to 5.0 billion dollars; the figure contin
ued to increase and reached 15.0 billion dollars in 1965.
Even after
correction for inflation in the economy, the level of advertising showed
an increase of 212 percent from 1946 to 1965.
(Jules Backman, Advertis
ing and Competition [New York: New York University, 1967], pp. 8-11).

2
Philip Kotler, Marketing Decision Making: A Model Building Ap
proach (New York: Holt, Rinehart and Winston, Inc., 1971), p. 2.
3
Walter Taplin, "Advertising Appropriation Policy," Economics,
XVI (August, 1959), p. 238.

1

Purpose of This Study
The purpose of this study is to develop a methodology to deter
mine the optimal level of advertising for a firm based on the historical
data for its sales and advertising expenditures.

To accomplish this

purpose, a model will be developed that will be used as an integral part
of the methodology.

Through a search of the literature, the model will

be developed so that it represents the most important and comprehensive
theoretical relationship between advertising and sales.

Following the

development of the methodology, demonstrations will be presented to
show how the methodology can be used by actual firms in evaluating and
setting their levels of advertising expenditures.

General Nature of the Methodology
The heart of the methodology is the development of a general
regression model based on theoretical considerations which incorporates
several marketing variables.

A response function for the firm is chosen

from among the alternative equation forms of the model.

The response

function is used to find the potential levels of sales which could be
expected from alternative levels of advertising expenditures.

The po

tential sales are used to determine the marginal revenues and marginal
costs of the product.

The optimal level of advertising is chosen as

the advertising level that produces sales where the marginal revenue
of the product is equal to the marginal cost of the product.

Advertising as a_ Response Function Variable
Many studies have been conducted to investigate the effects and
limitations of advertising.

These studies present a general agreement

that the ultimate reason for advertising is the creation of profits.

Increased profits result from a shift of the demand curve for the adver
tised product.

The degree of the shift depends upon such factors as the

type of product, the price of the product and the price of competing
products, the quality of the product, the nature and extent of competi
tion in the industry, the media selection, and the degree to which ad
vertising is blended in the marketing mix.

Although not exhaustive,

this list should indicate many of the major factors that can change the
effectiveness of advertising.
A theoretical explanation of the effects of advertising is that
advertising causes the product’s demand curve to shift and possibly to
become more negatively sloped for both the firm and the industry in
which the firm operates.

Any increase in advertising activity under

taken by a single firm would be met by similar increases by the other
firms within the industry.

Thus, the net effect to the individual firm

would be only its portion of the net gain accomplished by a shift in
the industry demand curve.

4

Another theory is that advertising tends

to limit competition by creating a barrier to the entry of new firms.
According to this argument the concentration of production in a small
number of large firms results when products are promoted through the
use of extensive advertising; however, the evidence is inconclusive as
to the validity of

this

theory.

5

Neil Borden

6

found advertising to be

^Michael J. Brennan, Theory of Economic Statics (Englewood
Cliffs, N. J.: Prentice-Hall, 1965), p. 256.
^Robert B. Ekelund, Jr. and Charles Maurice, "An Empirical In
vestigation of Advertising and Concentration: Comment," Journal of
Industrial Economics, XVIII (November, 1969), p. 80.

g
Neil Borden, The Economic Effects of Advertising (Chicago:
Richard D. Irwin, Inc., 1942), pp. 424-428.

non-effective unless certain favorable conditions exist.
tions include:

These condi

a favorable trend in the demand for the product be pres

ent, the product be capable of being differentiated, and the product
have some real merit that may be exploited.
The effectiveness of advertising can be measured in a number of
ways, such as the retention of copy in the memories of the target popu
lation, a determination of the number of exposures that members of the
target population have undergone, and profits.^

Since profits created

by sales are the ultimate reason for advertising, the ideal method of
measuring the effect of advertising.is to determine the sales that re
sult from advertising.

One means of determining the sales attributable

to advertising is to develop a model of the marketing process which
shows the mathematical relationships between sales and the independent
marketing variables.

Form of the Model
A number of studies have been conducted that construct models
utilizing time series data.

These studies have used linear models,

multiplicative exponential models with linear transformations or simple
nonlinear

models.

Each of these model forms is unsuitable for the re

quirements of this study.

The models which depict the marketing process

as a linear combination of independent effects on sales require that an
increase in the level of advertising by one unit have the same effect on
sales regardless of the base level of advertising prior to the increase.

In order to select the appropriate techniques for determining
the optimal advertising expenditure level for a firm, alternative means
of determining the effectiveness of advertising must be considered and
the most desirable culled from those considered.

The multiplicative exponential models require that the elasticity of
advertising remain constant for all levels of advertising.

Each of

these requirements fails to satisfy the consensus of advertising re
searchers that the sales advertising elasticity must be a variable and
must approach a value of zere as the level of advertising is increased
to some level.

The remaining models presented have forms which gener

ate curves in agreement with the generally accepted S-shaped curve for
the advertising and sales relationship but are built of components that
defy an economic interpretation.

In each case, these model forms have

been chosen in a manner only to generate a desired curve shape and have
not been constructed to reflect the theoretical relationships which are
believed to constitute the workings of the advertising process.
The concensus of advertising theorists is that the shape of the
curve generated when advertising is increased from zero to higher and
higher levels approximates the shape of an S.

It is believed that the

initial increases are accompanied by an increasing marginal rate of re
turn.

Then, at some level, the marginal rate of return begins to de

crease to a zero level when the maximum sales level has been reached.
If advertising levels are continually increased, a negative marginal
rate of return is theoretically possible, although this level of adver
tising appears to be of little practical concern.
The choice of the equation form of the model is therefore criti
cal in that

it should represent the basic relationships which are be

lieved to represent the workings of the advertising process but should
still remain simple enough so that the equation parameters can be esti
mated from a data set.

One general form of equations that meets both

these requirements is the Gompertz family of equations.

The Gompertz

equation has been chosen as the basic model form of this study for four
reasons.

First, this type of equation provides a maximum potential val

ue to the dependent variable— sales.

Second, it provides that for any

level of the independent variable— advertising— some fraction of the
maximum sales level is sold.

Third, it provides that as the advertis

ing level is increased past some point, the level of sales is increased
at a decreasing rate.

Fourth, this form of equation lends itself to

modifications that can provide the incorporation of certain dynamic
properties to the model to allow for certain changes in the market con
ditions.
form:

One minor weakness should be noted in regard to this model

no provision is made for a negative marginal rate of return re

gardless of the level to which advertising is increased.

The Gompertz

equation has a general form of
Y

=

c [a

]

In order to satisfy the requirements of this study, the parameters a.
and b^ are constants that must have positive values of less than one.
A

Under these conditions, Y represents sales, and c^ is the parameter rep
resenting the maximum limiting sales level that the process can gener
ate regardless of the level of advertising represented by the variable
X.

A minimum level of sales is determined at a zero level of adver

tising and is the product of the parameters c_ and &.

The rate of

change of the dependent variable at a specific level of advertising is
affected by the values of the parameters a_t b^, and c^.

The rate of

change is directly related to the magnitude of b^ and c^ and is inverse
ly related to the magnitude of a_.

Also, this equation form yields a

sales elasticity of advertising that is positive and decreases as the
level of advertising is increased.

7
Demonstrating the Methodology
In order to show that the theoretical methodology developed is
of practical value, demonstrations of its application are presented.
In developing the model, constraints are placed on its application and,
g

therefore, also on the application of the methodology.

To be a valid

demonstration of the application of the methodology, the data analyzed
should be selected for a firm that operates in a manner which substan
tially satisfies these constraints.
The Lydia Pinkham Medicine Company and the firms of the ciga
rette industry did operate in a manner that substantially satisfied
these constraints during the time-spans for which their advertising and
9

sales data are available.

In addition, each of the products of these

firms was distributed on a national scale which makes the identification
of the market area easily defined.
For these reasons, the Lydia Pinkham Medicine Company is selec
ted as one of the firms that is used to demonstrate the application of
the methodology.

The firms of the cigarette industry are selected for

a second demonstration.

The industry advertising data is analyzed first

g

The constraints are presented on page 70 of this study.

9

Histories, including a description of the marketing practices,
of The Lydia Pinkham Medicine Company and the firms of the cigarette in
dustry are presented on pages 102 and 104 respectively. Data for the
Lydia Pinkham Medicine Company was assembled by Palda (Kristian S.
Palda, The Measurement of Cumulative Advertising Effects [Englewood
Cliffs, N. J.: Prentice-Hall, Inc., 1964], pp. 23 and 39). Data for the
cigarette industry and its firms was assembled by Borden (Neil Borden,
The Economic Effects of Advertising [Chicago: Richard D. Irwin, Inc.,
1942], p. 229) and by Tennant (Richard B. Tennant, The American Ciga
rette Industry, A Study in Economic Analysis and Public Policy [New Haven:
Yale University Press, 1950], p. 291). These data are presented in the
Appendix of this study.

as a whole, and then the advertising data of the three major brands of
the industry— Camel, Chesterfield, and Lucky Strike— are analyzed.^
Though the advertising and sales data for these firms are avail
able, certain other data required for the application of the methodology
are not available.

Production cost data for the Lydia Pinkham medicine

and for most of the cigarette brands are not a v a i l a b l e . I n addition
to this, no information is available as to how firms within the ciga
rette industry would have reacted to changes in the level of advertis
ing by a member firm.

Since these required data are not available,

they are assumed for the purposes of this study.

This facilitates the

application of the methodology; however, the demonstrations of the ap
plication of the methodology must be considered as hypothetical examples
of how business firms might actually apply the methodology.

Organization of the Study
This dissertation consists of thre^ distinct phases:

first, a

literature review; second, the development of a methodology to determine
the sales effectiveness of advertising expenditures and the optimal
levels of these expenditures; and third, a demonstration of the applica
tion of the methodology using empirical data of selected firms.
The first phase is presented in Chapter II.

In this chapter a

review of advertising literature that forms the basis for the development

Each brand of cigarette is produced by a different firm as its
only entry in the market during the time-span for which the data is
analyzed.

11

The production cost data for the Lucky Strike brand of ciga
rettes is available.

of a time series model of the sales effect of advertising and a method
ology including the model to analyze advertising data is presented.
second phase is presented in Chapters III and IV.

The

The development of

the model and the methodology is presented in Chapter III.

Some alter

native techniques for fitting nonlinear equation forms are presented in
Chapter IV.

In Chapter IV the technique used in this study to fit the

model to advertising data is culled from the alternatives.
and last phase, is presented in Chapters V and VI.

The third,

In Chapter V the

methodology is used to demonstrate the application of the methodology
to analyze selected sets of empirical advertising data.

Chapter VI

presents a summary of this study and presents the conclusions that are
made as a result of this study.

Chapter II

A REVIEW OF LITERATURE RELATED TO THE DEVELOPMENT
OF A MODEL FOR ADVERTISING EXPENDITURES

The purpose of this chapter is to present a comprehensive view
of the problems associated with the analysis of advertising expenditure
data; therefore, it requires that a wide variety of topics be reviewed.
A review of studies that consider aggregated variables and their rela
tionships, as well as those that consider the microstructure in which
the aggregated data were generated, are to be discussed.

This review

presents pertinent information that provides support to the construction
of models and methods to be used in this study.
firms should advertise are discussed.

First, the reasons why

Here curves depicting the general

purported effects of advertising for both the firm and industry are
shown to explain the effect of advertising in the business environment.
Second, a discussion is presented to explain when and how a firm should
advertise to promote its product.

Third, a presentation of the findings

from empirical studies as to the practices actually used in the business
community in setting the level of advertising expenditure is made which
indicates the need for an additional practical technique more consistent
with the purpose of advertising.

Fourth, other considerations to the

development of a response function are then reviewed.

Fifth, a discus

sion of studies in which response functions have been developed is
presented.

The discussion deals with the major findings and limitations

of each study which show the need for this study.

Here efforts to apply

the models developed in order to optimize the advertising expenditures

10

11

are discussed.

Sixth, and last, a discussion concerned with the statis

tical considerations necessary for this study is presented.

The subject

of mathematical curve fitting is left to a later chapter.

Definitions of Frequently Used Terms
To facilitate the reader in understanding this dissertation
certain terms will be defined.

The terms defined will include those

terms that are frequently used and are a possible source of ambiguity.
Advertising: A process of mass communications intended to generate a
monetary profit to the firm, including the use of advertise
ments which have a primary aim of building good-will, reputa
tion, and public understanding.
Advertising Budget: A planned aggregate yearly sum of advertising
expenditures.
Advertising Effectiveness: A Measure indicated by sales directly at
tributable to the advertising expenditure either immediate or
after a period of delay.
Advertising Expenditure: The amount of money spent on advertising as
indicated from accounting records, subject to the interpreta
tion of those responsible for preparing these records and in
cludes all the supporting functions of the advertising process.
Competition: The rivalry of the firms within an industry to create a
demand for a product. The industry in which such activities
are undertaken is characterized by an oligopolistic or monop
olistic competition structure.
Model:

The generalized single equation (except where otherwise de
noted) representation of the functional relationship between
advertising expenditure and the resulting sales including all
parameters and variables considered. The model including a
specified set of parameters will be referred to as an equation.

Response Function: The equation that shows the relationship between
advertising expenditure and the resulting sales. Where a
model has various alternative forms including different sets
of parameters, the response function is taken to be the equa
tion that best represents the data according to the selection
criteria of the study.

12
Reasons for Advertising
There is a widely accepted view that the ultimate purpose of
advertising is to generate profits.
such profits are generated.

Two basic views exist as to how

The first view which is the most widely

accepted considers advertising to have the ability to create demand by
persuasion.

The second view sees advertising only as a means of com

munication which provides information to potential consumers.

In

either case a resultant shift of the demand curve would be accomplished.
According to Kaldor^ the immediate reason which causes men to
advertise is the fact that they can increase sales and thereby increase
profits.

This result is subject to the criterion of insufficient de

mand and cannot be achieved where sales are limited by factors other
than demand.

It was pointed out that advertising is ineffective in

the creation of profits where scarcity of labor, raw materials, or
plant and machinery provide limitations on the supply at existing sales
levels.

Jastram concurred in saying, "The ultimate purpose of all sell

ing tactics is the creation of profit.

Advertising expenditure repre

sents the diversion of part of current revenues to the generation of
2
further revenue.11
Dean pointed out that there are three ways to increase sales.
A company may cut prices, spend more on promotion or improve the quality

■^Nicholas Kaldor, "The Economic Aspects of Advertising," The
Review of Economic Studies, XVIII (1950/1951), pp. 11-12.
2

Roy W. Jastram, "Advertising Ratio Planned by Large-Scale
Advertisers," Journal of Marketing, XVI (July, 1949), p. 13.

of its product.

He stated, "The three reinforce each other in a com3

plex symbiotic relationship."
A further reason for advertising was mentioned by Telser

4

when

he commented on the use of advertising in the Soviet Union by saying
that the Soviet Union introduced advertising and brand names in order
to increase the incentives for factories to improve the quality of con
sumer goods.

In a similar line of thought Carrick^ said that he be

lieved consumers directly associate the frequency of advertisements to
the quality of a product.
Hotchkiss^ offered a somewhat different view for theoretical
reasons why firms advertise.

He viewed advertising as being closely

akin to education and transportation.

It imparts a knowledge of the

product's use and the product's availability to the market, and it dis
tributes ideas about the commodities to complement the physical dis
tribution process.
All firms do not use advertising to the same extent.

Since the

ultimate goal of the firm is to increase profits, advertising should be
used only where a sales increase, resulting from a shift in the demand

3
Joel Dean, "Does Advertising Belong in the Capital Budget?"
Journal of Marketing, XXX (October, 1966), p. 18.
^L. G. Telser, "Some Aspects of the Economics of Advertising,"
Journal of Business, XLI (April, 1968), p. 171.
^Paul M. Carrick, Jr., "Why Continued Advertising Is Necessary:
A New Explanation," Journal of Marketing, XXIII (April, 1959), pp. 387388.
^George B. Hotchkiss, "An Economic Defense of Advertising,"
American Economic Review, XV, supp. (March, 1925), pp. 14-16.

for the product, results in additional revenues in excess of the added
advertising and production costs.
Though the reasons offered in the literature for the use of advertislng in business seem diverse, the effect implied or stated would
be similar.

In each case, whether the reason given is a direct stimu

lation of demand, an effort to inform the public of an improvement in
product quality or to spread a knowledge of the product’s existence and
attributes, the result would be to increase the demand for the product
at any given price level.

This general purported effect of advertising
7

has been stated by Brennan.

He said that an increased level of adver

tising would cause a shift in the industry demand curve to the right
and possibly cause the curve to become more negatively sloped.

This

would be true for an industry characterized as an oligopoly or as a
monoply.

This effect is shown in Figure 1.

PRICE
PER UNIT

D

E

\
QUANTITY OF SALES
FIGURE 1:

A TYPICAL INDUSTRY DEMAND FOR AN OLIGOPOLY
OR A MONOPOLY SHOWING THE EFFECTS OF AN
INCREASED LEVEL OF ADVERTISING.
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The effects of the shift of the demand curve from D to E as a result of
an increased advertising level would be to increase the demand for the
product at any given price and as a direct result cause the demand to
become more price inelastic where the slope at any given price remains
the same.

Should the slope become more negative the effect would be to

magnify the change toward a more price inelastic demand.
Where an oligopoly is considered in particular, the shift of
the industry demand curve from D to E represents the real gain in sales
g

to the firms of the industry.

According to Duesenberry

the real gain

in sales for the industry can be expected to be distributed among the
firms of the industry in accordance with their historical market shares.
Thus an increase in the level of advertising offers no gain to the in
dividual firms unless such an increase is accompanied by an expansion
of the industry demand.
The firm

operating in an oligopoly which engages in advertising

attempts to shift its demand curve to the right and at the same time
make its demand curve more negatively sloped.
Figure 2.

This effect is shown in

Here curve A shows the product demand curve for the firm

before an increase in the level of advertising, and curve B shows the
desired demand curve after such an increase.

However, due to the com-

petitive reaction of other firms within the industry, Brennan
that the desired effect is not realized.

9

states

Generally in any time period

of more than the shortest duration, the market shares are unaffected by

g

James S. Duesenberry, Business Cycles and Economic Growth,
(New York: McGraw-Hill Book Company, Inc., 1958), pp. 117-123.
g

Brennan, ojd. cit., p. 256.
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PRICE
PER UNIT

QUANTITY OF SALES
FIGURE 2:

A TYPICAL FIRM DEMAND FOR AN OLIGOPOLY OR A
MONOPOLY SHOWING THE EFFECTS OF AN INCREASED
LEVEL OF ADVERTISING.

these changes and only the level of advertising expenditure is increased
for the whole industry.

The realized effect for the firm in the com

petitive situation is not the desired shift to curve B but instead a
shift only to curve C.

Curve C represents a pro rata gain of the in

crease in the industry demand to the firm equivalent to the firm's his
torical market share.

This shift of the firm's demand curve will cause

the demand curve to become more price inelastic at any given price
level as has previously been explained in the case of the industry de
mand curve.
Kaldor offered support for indicating a shift in the demand
curve by saying, " . . .

that by and large advertising raises the de

mand curve for the product of the firm, there can be little doubt.
He did not specify how this shift resulted or specify under what

^ K a l d o r , op . cit., p. 12.

conditions the shift would take place thus not refuting or completely
supporting the view offered by Brennan.

This concept of the shifting

of the demand curves as a result of changes in the level of advertising
expenditure will be referred to in later sections of this study.
However, all advertising does not necessarily have immediate
profit as its purpose.
categories.

L e i t e r ^ has classified advertising into four

First, he mentioned "investment" advertising which he re

lated to the introductory phase of a product having a latent demand.
He classified advertising of a known or established product as "informa
tive."

These advertisements he saw as transmitting knowledge of the

salient features and merits of the product to the market.

"Competitive"

advertising is the third category which was characterized by the repeti
tion of stock phrases with the intent of capturing a larger share of
the market or just maintaining a given share in the face of the com
petitors1 efforts.
and emulation.

Often appeals of this type are made to fear, sex,

The final category which is self-explanatory is "fraud

ulent" advertising.
Another reason for advertising often cited in the literature is
that advertising creates a barrier to the entry of new firms into the
industry.

This barrier results from the increased need for capital

that faces a potential entering firm.

The additional capital is needed

to meet the advertising competition of the established firms.

A number

of studies have been conducted to test the hypothesis that where adver
tising is extensively used as a means of competition a concentration of

■^Robert D. Leiter, "Advertising, Resource Allocation, and Em
ployment," Journal of Marketing, XV (October, 1950), pp. 161-162.

production will develop in a few large firms.
have resulted from these studies.
and Meehan

13

Conflicting findings

Studies by Bain

12

and Mann, Henning

supported the hypothesis, while studies by Telser

S t i g l e r ^ did not support it.

14

and

Therefore, this possible effect of ad

vertising is still in question.
S t a n t o n ^ said that firms whose market is widespread should
use advertising as the main method to stimulate sales.

This allows

for a broad group of firms that should resort to advertising as the
main sales motivation.

Some limitations are placed on the above gener

al conditions for the use of advertising by Stanton in referencing the
study of Borden.

When Advertising Is Justified and How It Should be Applied
Borden‘S

identified five criteria which may serve as a guide

in deciding whether a firm should advertise to increase the demand for
its product:

12

Joe Bain, Industrial Organization (New York: John Wiley and
Sons, Inc., 1959), pp. 221-237.
13

H.
M. Mann, J. A. Henning and J. W. Meehan, Jr., "Advertising
and Concentration: An Empirical Investigation," The Journal of Indus
trial Economics, XVI (November, 1967), pp. 34-45.
"^Lester Telser, "Advertising and Competition," The Journal of
Political Economy, LXXII (December, 1964), pp. 537-562.
■^George J. Stigler, "The Economics of Scale," Journal of Law
Economics, (October, 1958), pp. 66-68.
16

William Stanton, Fundamentals of Marketing (New York: McGrawHill Book Co., 1964), p. 543.

^Borden, op cit., pp. 424-428.
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1.

The demand trend (a predictable relationship of sales
over time) should be favorable.

2.

There should be present the ability for the firm to
differentiate its produce.

3.

Some hidden properties of the product should be present
about which the market needs information.

4.

Emotional buying motives should be present in either an
active or latent state that may be exploited.

5.

Adequate funds should be available for the advertising
program.

These criteria offered by Borden are intended to be used to identify the
business situation where advertising would be able to return yields in
excess of the advertising and production cost.
Each of these criterion is intended to serve as a guide to the
manager in deciding whether to advertise or not to advertise.
tions to the guidelines are possible:

Excep

for example, a firm may recog

nize that its product is in the declining phase of its life cycle but
will still advertise in order to prolong its economic life.
mate decision whether to advertise rests with management,
ing shouldbe undertaken in cases where the

The ulti

and advertis

belief exists that adver

tising will cause an increase in profit or a decrease in losses to the
firm.
Should advertising be a one time process?

Carrick

18

said no.

Believing that quality was connoted to the prospective buyer by the

18

Carrick, op. cit., pp. 386-388.
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frequency of advertisements, he saw advertising as a continuing process.
He also discussed the traditional reasons for continued advertising, and
he refuted these.

He said that the traditional belief was that contin

ued advertising is necessary to educate the young, to overcome the for
getting rate, or as a factor inherent in the learning process.

In dis

cussing the points listed by the tradionalists, he found certain de
fects .

Children learn from their parents and would follow the example

of their parents in product choice minimizing somewhat the need to edu
cate new members of the market.

The second reason for continued ad

vertising was said to fail the test of introspection.

Here he stated

that people remember what is functionally useful for them to know.

The

last reason proposed that learning results in a movement of the pros
pective customer along a chain of levels of awareness leading to a pur
chase.

This view was questioned by considering a current dissatisfied

customer with a need who goes in search of a product to fill his need.
Once informed of a product which meets his need he will immediately
purchase the product and movement through learning levels is no longer
required.
Rothschild
budget.

19

has also discussed the timing of the advertising

He noted that very often the advertising policy of a firm is

set for a considerable future time-span, and the relative size of fluc
tuations as compared to the total expenditure on advertising tends to
be small.

He concluded that it is likely that businessmen hesitate to

vary much from some amount that they consider the "necessary" amount.

19

K. W. Rothschild, "A Note on Advertising," Economic Journal,
LII (April, 1942), p. 120.
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The concept of a "necessary" amount results from the imperfect knowledge
of the effects of advertising.

Advertising Appropriation in Practice
A large number of studies have sought to determine the methods
that are used by firms in setting the level of advertising expenditures.
In an investigation of 42 firms, Taplin

20

found the usual period covered

by the advertising appropriation to be one year with the general pro
cedures used by firms in setting the advertising appropriation to fall
mainly into one of the two mutually exclusive categories.

The first

procedure is to appropriate advertising expenditures as some fixed
percentage of sales.

Of the firms included in the study, 35 expressed

the opinion that some certain percentage was approximately correct; how
ever, only nine of these firms professed to deliberate resistance to
departing from this percentage.

The second category which was more

widely used by the firms consulted indicated that advertising was a
discretionary deduction from profits.
vertising in this manner.

Of the 42 firms, 32 viewed ad

Both methods were defended in the light of

uncertainty which existed regarding the response of sales to advertis
ing.

Competitive influences seemed to lead to a similar appropriation

percentage for products having like characteristics.

This seems best

explained by considering that each firm within an industry has suffi
cient knowledge of its competitors' expenditures to offset any marked
change in their advertising expenditure.

It was stated that any effec

tive campaign by a firm would be copied and would only result in an

20
Taplin, op. cit., pp. 228-238.
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overall higher level of firm expenditure on advertising without any sig
nificant gain in sales.

The basic criticism offered to either prevalent

method of allocating advertising expenditure is that advertising is the
potential sales producer and should be considered as such.
In discussing appropriation methods, Seligman reviewed some ad
ditional methods in current practice.

He said, "A lot of advertising

managers freely confess that they don’t think they are spending the op
timum amount on advertising— indeed they don't know how to go about calculating the optimum."

21

The first method of allocation that he dis

cussed supported this view.

This method is for the advertising manager

to ask the controller what amount the company can afford to spend on
advertising and then appropriate that amount.

Two versions of the per

cent of sales method of allocation were discussed.

The first method

uses the historical sales as the base to which the "correct" percent
age is applied.

The second version uses as the base the predicted

sales for the forthcoming appropriation period.

It was stated that

nearly all major advertisers now accept the second percent of sales
method.

A further sophistication to the percent of sales method was

mentioned.
upward.

In applying this technique the advertising costs are built

Costs are estimated by product, area, and medi-a.

The grand

total is calculated and compared to the percentage of sales and adjusted
where required.

Seligman said in recent years a still more sophisti

cated approach has been evolved where advertising is treated as simply

21
David Seligman, "How Much for Advertising?" Fortune, LIV
(December, 1956), pp. 123-125.

one element of the broad marketing program.

Allocations are then made

to the marketing program from which the advertising expenditures come.
Another method which was discussed by Jastram is the "objectiveand-task method."

22

Though some application variations exist in this

method, as in any method, the typical sequence in the allocation pro
cedure consists of three steps.
keting opportunities.

First, an assessment is made of mar

Then the type and quantity of advertising that

will be necessary to exploit these opportunities is determined.

The

overall advertising budget is then calculated by the summation of all
advertising expenses of each marketing opportunity to be undertaken.
This method overcomes the criticism that advertising is treated as an
effect of sales or as a residual deduction from profits.
Lewis,

23

in considering the problems of advertising which are

faced by banks, mentioned two additional methods of appropriating funds
for advertising.

He said that appropriation of a sum equal to the

prior year's expenditure with a flexible reserve may be made.

The

flexible reserve can then be used to meet any contingencies that might
arise.

The second method suggested is to appropriate the amount nec

essary to meet the competition.

It was pointed out that blind imita

tion is to be avoided, but knowledge of the competitors' levels of
advertising can be used as a guide in the setting of one’s own budget.

22

Roy W. Jastram, "The Development of Advertising Appropriation
Policy," Journal of Business, XXIII (July, 1950), pp. 156-157.
23

Harold W. Lewis, "How Much Should I Allocate to Advertising?"
Commercial and Financial Chronicle, CLXXIX (June 3, 1954), p. 11.

In most business situations some knowledge of the competitors * adver
tising budgets is reasonable to assume.
try would have similar knowledge.

All firms within the indus

This knowledge would seldom be exact

but would be sufficient to indicate the magnitude of any change.
Cantz

24

above.

expanded on the competitive comparison method as discussed
He said not only should the budget be set to meet the average

budget in the industry, but a second phase of this method requires
that an evaluation of the future goals of the firm should be included.
These goals include expansion plans for the product and plans to in
crease the firm's share of the market as well as any other pertinent
factors that can be considered as relevant to setting the current ad
vertising appropriation.
In discussing the possible approaches by which advertising expenditures are budgeted, Dean

25

mentioned one theoretically appealing

approach which, however, is deficient in practical applicability.
called this the "Return on Investment Approach."
tising are considered:

He

Two effects of adver

(1) the immediate increase in sales, and (2)

the increase in future sales due to the goodwill created by advertising.
The criterion used to select the level of the advertising appropriation
is to consider advertising as any other kind of internal investment and
choose the level on the basis of the prospective rate of return.

Inter

action of the two effects of advertising complicate the application of

24

Marvin S. Cantz, "How to Determine Your Ad Expenditure,"
Advertising Agency Magazine, L (August 2, 1957), p. 22.
25

Joel Dean, "How Much To Spend on Advertising," Harvard Busi
ness Review, XIX (January, 1951), pp. 70-71.
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this method.

Certain warnings are given in applying this method.

The

result of decreased advertising levels during which time the goodwill
effect is used to carry the sales effect is considered dangerous in that
run-off of goodwill can cost some loss of market share.

The factor that

must be considered in such times is the cost of re-establishing the de
sired percentage of the market.

The chief deficiency of the "Return on

Investment Approach" was said to be even guessing the correct rate of
return that an advertising outlay would produce.
Kirkpatrick

26

in his review of 12 basic factors that influence

the size of advertising budgets surmises that the best method yet de
veloped is to set the budget to meet predetermined tasks.

In reaching

this conclusion, some factors were discussed which have not previously
been mentioned in this review of literature.

Kirkpatrick said that the

business cycle is a factor in setting the level of advertising in prac
tice.

He reminded the reader that, "Advertisers spend large sums in

advertising when business is booming and small sums when business is
depressed."

27

His explanation for this illogical behavior is that

management tends to advertise more in times when the potential re
sponse by buyers is high.

Also, at times of business depression the

profit margins are reduced thus cutting the money available for the
purpose of advertising.

Another factor which is stressed is the past

experience of the firm.

Judgment as to the effects of past advertising

26

C. A. Kirkpatrick, "12 Factors That Influence the Size of
Advertising Budgets," Advertising Agency, XLVI (May, 1953), p. 84.
27Ibid., pp. 82-84.

expenditures is probably the most influential factor in setting the
current level of advertising expenditure.
One observation by the author of this dissertation can be made
about all the literature dealing with the advertising appropriation
policies of firms.

This is that no evidence presented indicated that

any firm or industry was appropriating money to advertising which could
be shown to maximize profits to that firm.

In fact, no evidence was

found that any firm had tried to show that its appropriations were or
were not maximizing profits.

Some Considerations in the Development of an Advertising Model
In order to develop a theoretical model, advertising expendi
tures cannot be considered in a vacuum.

The concept of an Advertising-

Marketing Complex, which is defined as the inter-relationship among the
media of advertising, copy, and products and services, is the framework
for the discussion of the dynamics of advertising by Cohen:

"Although

each discipline may be defined independently of the other, their dy
namics are so interdependent that to talk of one, to the exclusion of
the other, is meaningless."
Kaldor

29
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stated that the type of product is most important in

determining whether advertising will have a significant effect.on con
sumption.

He believed that products such as patent medicines, hair

28

Stanley I. Cohen, "The Rise of Management Science in Adver
tising," Management Science, XIII (October, 1966), pp. 10-14.

29

Kaldor, ojs. cit. , pp. 9-10.

treatments or breakfast cereals would have greatly reduced sales in
the absence of advertising while more fundamental classes of products
such as tobacco, beer, and soap might be less affected.

30
Peles,
in

discussing the quality of advertising copy, concludes that the dollar
amount of advertising expenditure is not the only factor in producing
sales.

He pointed out that the quality of the advertising copy can

also affect the sales generated.
Most authors in discussing advertising have presented it as
part of the marketing mix.

As an example, Wright and Warner

the marketing of a product to the baking of a cake.
blend of several ingredients.

31

likened

It consists of a

The basic elements of the recipe are

known as the marketing mix which consists of merchandising, pricing,
distribution channels, personal selling, and advertising.
Dean

32

discussed the necessity of removing demand determinants

other than advertising in order to isolate its role in the sales re
sponse.

These factors include growth trends, changes in income and

price, effects of changes in the firm's other marketing activities,
and variations in copy and suitability of media.

Each of these fac

tors affect the firm's demand function and therefore obscure the ef
fects of advertising.

Other difficulties in isolating the sales to
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Yoram Peles, "Economics of Scale in Advertising Beer and
Cigarettes," Journal of Business, XLIV (January, 1971), p. 36.
31

John S. Wright and Daniel S. Warner, Advertising (second ed
ition; New York: McGraw-Hill Book Co . , 1966), p. 91.
32

Joel Dean "Cyclical Policy on the Advertising Appropriation,"
Journal of Marketing, XV (January, 1951), pp. 268-272.

advertising relationship mentioned by Dean include variations in copy
and suitability of media.
averaged out.

Some of these fluctuations, however, can be

He also mentioned that the time lag between the time

of advertising and the resultant sales is difficult to determine and
varies among different products and types of advertising.

After de

lineating these problem areas, he conjectured that the use of economet
ric techniques can never fully resolve the problems encountered in a
study of advertising effects.

He did add some insights into the exact

nature of certain confounding effects that might be encountered in spe
cific instances.

He stated that there is reason to believe that the

effectiveness of advertising is cyclical and directly correlated with
changes in income.

Thus in times of higher income levels the same

level of advertising expenditure may produce a higher sales level.

How

ever, the author of this dissertation could find no cause and effect
relationship supported b y any study.

The contention can nevertheless

be argued that in times of increased incomes, potential customers are
better able to buy the product advertised.

This tends to increase the

saturation level for the product at the same time that firms are in a
position to increase advertising due to improving profits.

It, there

fore, becomes difficult, if not impossible, to determine with certainty
the causal agent and the resulting effect.

Dean also mentioned that

the type of commodity is an important factor in determining the effect
of purchasing patterns as a result of changing levels of economic ac
tivity.

Small, frequently purchased items are less affected during

depression periods as far as the total of items purchased, but price
differentials often cause brand switching in such periods.

These

frequently purchased products are said to have a short time lag between
advertisement and sales response.
Lavidge and Steiner
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have proposed that advertising may be

thought of as a force tending to move potential customers to the point
of purchasing.

They listed seven steps through which a potential con

sumer must progress prior to actual purchase.

In this process they did

not limit the time lag required to move through this chain of steps.
They did, however, say that products which do not require a serious com
mitment might cause potential consumers to proceed almost immediately
to the final step following the receipt of an advertising message, thus
resulting in a very short time lag.

If, however, the time lag is of a

long duration some further considerations would be necessary in develop
ing a practical advertising evaluation.
Vidale and Wolfe"^ said that advertising, being a form of in
vestment, should be handled as would any other investment.

That is,

the effect of the receiving of returns in the future caused by a pres
ent or continuing outlay should be treated as any basic financial text
has

proposed to account for the time value of money in investment de

cisions.

A continuous discounting at an appropriate rate is applied

to both advertising expenditures and revenues from these expenditures
which cover a time-span.
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Robert J. Lavidge and Gary A. Steiner, "A Model for Predic
tive Measurements of Advertising Effectiveness," Journal of Marketing,
XXV (October, 1961), p. 59.
34
M. L. Vidale and H. B. Wolfe, "An Operations-Research Study
of Sales Response to Advertising," Journal of Operations Research, V
(June, 1957), p. 370.

Hollander said, "Advertising is a factor which produces sales,"
and "Continued use of advertising increases the goodwill which is among
the capital assets of a going concern."

35

However, he found that ac

counting practices do not match the facts of life.

While other expen-

ditures on assets are capitalized, advertising is charged to expense.

36

This practice can be explained by the tax break that is afforded to the
firm by being able to reduce the taxes paid in earlier years.

The in

centive for a change in the method of handling the advertising expen
ditures is therefore weak, and justification for a continuance of the
current procedure is easily made.

The development of a means of sepa

rating the proportion of these expenditures that should be handled as
a capital expense is reasoned to be an impossible task.

Clark was in

general agreement with this view in saying, ". . . it is seldom that
either the immediate or long-time results of advertising can be meas
ured with any degree of accuracy.

This latter difficulty is espec-

ially evident in 'goodwill’ advertising."
Taplin

38
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has dealt with the problem of investment advertising

(advertising with the purpose of building goodwill that will enhance
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36Ibid., p. 85.
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long term sales) by categorizing appropriation policy, brands or prod
ucts as new, established or declining.

During the new phase of a prod

uct's life cycle, a dominant element of investment advertising is con
sidered to be present.

During the established phase the investment

character of advertising is present; however, it is not dominant.
the declining phase some ambiguity exists.

In

During this life-phase the,

firm might undertake to re-establish the product by use of extensive
investment advertising or advertising might be reduced with the aim of
phasing out the product.
Borden
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found that during the declining phase of a product's

life cycle, advertising is powerless to stop the trend.

He noted that

advertising at most might temporarily delay the inevitable decline.
This may be seen by viewing the typical response function and keeping
in mind that the saturation level is decreasing over time where the
product is in the declining phase of its life cycle.

The response

function has the general shape of an S and is the function relating
the level of advertising expenditure to the level of sales generated.
A typical response function has an S-shape as shown in Figure 3.
The S-curve is widely discussed in the literature and accepted
as the general shape of the response function.
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Borden, oj>. cit., p. 90.

One such discussion

SATURATION SALES LEVEL

SALES PER
UNIT OF
TIME

ADVERTISING EXPENDITURE
PER UNIT OF TIME
FIGURE 3:

A TYPICAL RESPONSE FUNCTION SHOWING THE CHARACTER
ISTIC S-SHAPED CURVE.4°

of the S-curve by Jastram
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explains the reasoning behind the assump

tion that this is the shape that a response function should exhibit.
As advertising is increased from a zero level toward point A, the char
acteristic in this range is one of an increasing marginal rate of re
turn.

This phenomenon is explained by noting that a system of quan

tity discounts is offered by the media.

Certain other factors were

also mentioned to explain the initial increasing marginal rate of re
turn.

At some level of advertising (point A ) , difficulty is encoun

tered in continually maintaining even the same marginal rate of return

Amber G. Rao, "Towards a Quantitative Theory of Advertising"
(unpublished Ph.D. dissertation, Business Administration, University of
Pennsylvania, 1967), p. 19.
^ R o y W. Jastram, "A Treatment of Distributed Lags in the Theory
of Advertising Expenditure," Journal of Marketing, XX (July, 1955), p.
44.

on advettising expenditure, and a diminishing marginal rate of return
results.

After a point where the market is saturated (point B ) , no

amount of increase in advertising will increase sales, thus completing
the S-curve configuration of the response function.

Once the satura

tion sales level is obtained additional advertising will not increase
sales and may actually affect a decrease in the sales level by aggra
vating the potential buyers.

Studies That Dealt with Advertising Models and Advertising Optimization
Dean
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has stated that there are three reasons why firms have

failed to optimize their promotional outlays.

First, there is a fail

ure to acknowledge the importance of future demand effects caused by
promotional activities.

Second, there is a failure of firms to develop

a conceptual model oriented to reflect the economic realities of pro
motion.

The last reason given was the failure of firms to measure the

effectiveness of promotional outlays.
In another article by Dean,
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the theoretical method which he

considered logically superior in optimizing advertising appropriations
is based on marginal analysis.

Marginal analysis results in pushing a

product's advertising expenditures to a point where the last dollar
spent results in an equal profit being returned to the firm as a re
sult of the sales generated.

To implement the method it must be possi

ble to know the sales that would result both in the absence of adver-

^ D e a n , "Does Advertising Belong in the Capital Budget?"
pp. 17-18.
Dean, "How Much to Spend on Advertising," pp. 65-66.

tising and when advertising is used.

Determination of a response func

tion that will give this information is said to often be complicated
by factors other than advertising.

An example of price changes is

given to explain the complication that might arise.

Here he stated

that the price charged might affect the responsiveness of sales to
increased advertising.
An important study by Vidale and Wolfe
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deals with the com

ponents that should be included in the development of any advertising
model.

This general study of the sales response to advertising pro

poses that the interaction of sales and advertising can be described
using three parameters.

These are the sales decay constant, the sat

uration level of sales, and the response constant.

Their findings

indicate that in the absence of advertising, sales tend to decrease
and this decrease is at a constant percentage of sales for equal time
periods.

The saturation level of sales m is the practical limit of

sales that can be generated.

This limit is said to be affected by the

product being advertised as well as the media used.

The response con

stant jr is defined as the sales generated per advertising dollar at a
zero sales level.

This was generalized to allow for a decreasing mar

ginal rate of return by allowing a correction factor for the propor
tionate number of potential customers that are already purchasing the
product at any given sales level.

This modified response constant r^

is defined at a generalized sales level s_.

The modified response con

stant is then defined in terms of _r, s_, and m to be r (m-s) /m.
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Vidale and Wolfe, ojd. cit., pp. 370-378.

Here

the response constant at a zero level of sales r_ is reduced by that
proportion of the potential market that is not yet purchasing the prod
uct m-s/m.

On the basis of these parameters, a model was developed

which gives the rate of change of sales with respect to time being
equal to the multiple of the modified response constant

and the

level of advertising expenditure less the multiple of the decay con
stant and the sales level.

Two conclusions were made by Vidale and

Wolfe based on this model.

First, a diminishing marginal rate of re

turn on advertising dollars is always present, and, secondly, protrac
ted advertising campaigns are more profitable than intensive, short
campaigns.

They did not test the second condition experimentally.

This study dealt only with the development of a general theoretical
model and did not focus on specific problems of advertising quality,
price, timing, media, and related areas.

In subsequent discussions of

other studies it will be pointed out which of these components are in
cluded and which components are omitted.
Another study that proposed a general theoretical advertising
model was conducted by Zentler and Ryde.
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They proposed that an ad

vertising model might be represented by the generalized equation of
the form

R = A

b_ X2 + b„ X3 +
b Xn
-1_______ 5___________ n_____
2
n
1 + CnX + C„X +
C X
1
2
n

*

where R represents the sales response, X the real promotion expenditure,
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A.
P. Zentler and Dorothy Ryde, "An Optimum Geographical Dis
tribution of Publicity Expenditure in a Private Organization," Manage
ment Science, II (July, 1956), pp. 340-342.

A the limiting value of R as X approaches infinity, and
C , b, > C.
n
i — _l

for all 2 < i < n.

>_ 0,

=

This equation is said to have the

appealing characteristics of generating an S-curve as advertising is
increased, thereby showing a decreasing marginal rate of return, and
it is flexible enough to fit any general data that exhibits this gener
al S-shape.

Also, it considers a saturation level of sales.

One

fault, when judged by the standards of Vidale and Wolfe, is the neg
lect of a decay constant.

Zentler and Ryde did not empirically test

their proposed model in order to give support to their model for ad
vertising response.
Benjamin and Maitland
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did empirically test the Zentler and

Ryde model as well as several alternative models.

The alternative

models included a logarithmic law equation of the form R = d ln(x) + f
and an exponential equation of the form (R^ - R) = g e
fitted to empirical data.

“lex

that were

The choice of all of the models tested was

based on the mathematical shape of the curve generated by the equation
form and was not related to a theoretical development of advertising
concepts.

In their models, R represents the sales responses as defined

for the Zentler and Ryde model.

Also _x is as it was defined previously.

The remaining parameters are arbitrary constants estimated from the
data.

The same data were used to test each of the models proposed.

The results of both the logarithmic and exponential models were com
pared to the results obtained using the Zentler and Ryde model having

B. Benjamin and J. Maitland, "Operational Research and Ad
vertising: Some Experiments in the Use of Analogies," Operational
Research Quarterly, IX (September, 1958), pp. 209-217.

a minimum of constants.

It was found that of these models the loga

rithmic law more closely fits the data than either of the other two
models.

The Zentler and Ryde model was deemed to give unacceptable

results in the simplified form; however, when additional constants
were included excellent results were obtained in fitting the data at
higher levels of advertising expenditure.
at low expenditure levels.

The results continued poor

The chi-square values of the goodness of

fit test in both the logarithmic law and exponential models indicate
a lack of fit.

No chi-square value was given for the Zentler and Ryde

models but a comparison of the sum of absolute residuals between the
calculated and actual response exceeds similar values for the other
models tested where the Zentler and Ryde model was considered to show
an unacceptable fit.

A comparison of these three models shows the

average of the absolute deviations the least for the logarithmic law
model with 4.2 percent followed by the exponential model with 6.5 per
cent and 8.3 percent for the simplified Zentler and Ryde model.
Benjamin, Jolly and Maitland
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in another study have likened

the response of sales to advertising for products to an infectious dis
ease.

They state their simple analogy is applicable only between total

advertising and total sales.

They demonstrated, with some success,

that a simple logarithmic curve could indicate the relationship between
advertising cost and response.

Once having accomplished this, they com

pared the resulting logarithmic curve to the typical curve of an epi
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B.
Benjamin, W. P. Jolly and J. Maitland, Operational Re
search and Advertising: Theories of Response," Operational Research
Quarterly, XI (December, 1960), pp. 205-214.

demic such as measles.

A general agreement in the shapes of the curves

was noted and arguments were then presented to support the infectious
disease theory of advertising response.

First, advertising is said to

deal with the spread of an idea which needs time to incubate in the
mind of a susceptible subject.

Here the idea may take hold or be re

jected as would a disease germ which fails to infect the body that has
been exposed.

Also, as a disease is not transmitted simultaneously to

all persons in the population, neither is an advertising message.

From

this general pattern the researchers generalized that the response
function should exhibit a sharp rise over time to some maximum value
with a subsequent gradual decline.
case of a single shot advertisement.
III curve
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This pattern was expected in the
An attempt to fit a Pearson Type

by Benjamin, Maitland, and Jolly to this type of empirical

data in order to support their general advertising theory met with
only limited success.

This curve was chosen because it was felt that

it would approximate the requirements of the infectious disease theory
of advertising.

The conclusion reached by the authors was that depart

ures from a simple to a more sophisticated model in order to better fit
the specific data would make any model developed of little use in other
investigations.

However, they did state, "For practical purposes there

seems to be no reason why any given curve should not be used so long as

^ T h e Pearson Type III curve has the form
Y = Y

o

e"YX (1 + * )Ya
a

.

it constitutes an approximation to the response distribution suffi
ciently close to yield correct decisions about the disposition of the
product in retail centres.
A very important study dealing with advertising models was
conducted by Palda.
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Using data from the Lydia Pinkham Medicine Com

pany operation, Palda undertook an econometric investigation of its
marketing operations over a 54-year period using yearly data.

The

objective of this study was to determine whether the measurement of
cumulative advertising effects could be isolated using a distributed
lags model proposed by Koyck.

In addition to this major objective, a

corollary objective was to determine the existence, importance and
measureability of long-run advertising effects.
Medicine Company was chosen for several reasons.

The Lydia Pinkham
It used a high level

of advertising which averaged 40 to 60 percent of its sales.

Also,

many other marketing parameters were absent such as sales force,
credit, discounts, frequent packaging changes, point of purchase ef
forts, and special offerings.

These conditions allowed for the assump

tion that sales are a measurable effect of advertising.

A multiple re

gression technique was used to obtain the parameter estimates for a
variety of equation forms of the models.

Exogenous variables con

sidered in the models were disposable income and dummies representing
advertising quality and trend.

His findings indicated that the inclu

sion of lagged advertising variables have one of two effects.
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Ibid., p. 214.

■^Palda, o£. cit., pp. 84-95.

Either

a negative effect was found relating advertising to sales generated or
the standard deviation of the regression residuals was increased, thus
reducing the explanation of variation in the dependent variable.

For

these reasons equations incorporating such lagged advertising variables
were deleted from further consideration.

The possibility that an in

correct time-span for the lagged variables had been chosen was not in
vestigated by Palda.

Dummy variables were included in this investiga

tion to account for the variation in advertising effectiveness over the
time period covered by the study.

These dummy variables were treated

as additive factors in the tested equations.

Equations kept for final

comparison and analysis are inconclusive as to the presence of serial
correlation.

The independent variables in the equations retained in

clude sales from the previous period, advertising of the current per
iod, dummy variables for advertising quality, changes in advertising
levels from previous periods, changes in sales from the previous per
iod, and trend and disposable income.
Using the data from Palda's study, Simon
ing model that he developed.
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tested an advertis

He proposed to use only the retention

rate and past responses to determine the future responses attributable
to a given advertising expenditure.
at an appropriate rate.

^

VT = V t

All monetary flows were discounted

The resulting model had the form

= 1-bd

( £=1 V t

" b ^=1

Vt-l

) *

"^Julian L. Simon, "A Simple Model for Determining Advertising
Appropriations," Journal of Marketing Research, II (August, 1965),
pp. 286-288.
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Here

is the advertising period, t^ is the revenue period, V is the

present value of net revenue, R^, t
ing in time

is the revenue caused by advertis

and realized in time _t,

is the discount rate.

is the retention rate and A

Profit is then given by the present value of

net revenues less the current advertising expenditure.

In applying

this method Simon used the retention rate obtained from Palda’s study.
No verification as to the accuracy of this model was established due
to the nature of the model and the data being used.
ever,

It was stated, how

that if the retention rate is correct and constant, the conclu

sion can be reached that for the time-span evaluated, 1947 to 1960,
the Lydia Pinkham Medicine Company was underadvertising.
Dorfman and Steiner
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developed a model to determine the con

ditions necessary in order for a firm to maximize the net revenue when
price and advertising are the only variables affecting the demand for
the product.

No provision is made for advertising to have any effect

in the future demand for the product in their model.

The quantity of

the product sold is taken to be a function of current advertising and
current price.
differentiable.

It is assumed that this function is continuous and
They stated a theorem that, "A firm which can influ

ence the demand for its product by advertising will, in order to maxi
mize its profits, choose the advertising budget and price such that
the increase in gross revenue resulting from a one dollar increase in
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Robert Dorfman and Peter 0. Steiner, "Optimal Advertising
and Optimal Quality," American Economic Review, XLIV (1954), p. 826.

advertising expenditure is equal to the ordinary elasticity of demand
for the firm’s

53
product."

Here ordinary elasticity is defined by

Dorfman and Steiner as
P
" q

11

3f
3p

’

where P^ is the price of the product per unit,

£ is the units sold, and

f_ is the function relating sales to price and advertising.
definition of importance was also given.

A second

The marginal value product of

advertising is defined as

-

-d

y

8 f

3S

*

where S[ is the level of advertising expenditure.
as defined above.

The other terms are

Conditions required for the maximization of profits

are then stated to be
p

= n

if

S > 0

y

<_ n

if

S = 0 .

and

It was stated that if _y > n_ , an increase in price and advertising
would increase profit.
cated.

If y_ < n_ , the reverse action would be indi

A further clarification of the conditions necessary for maxi

mization of profits is that y_ must intersect n_ from above when y_ and
_n

are plotted on the vertical axis and advertising expenditure

plotted on the
r\

horizontal axis.

is

Only when y_ at some point exceeds

is advertising justified and if this condition does exist, an opti

mum advertising expenditure is said to exist due to the fact that n_

53Ibid., p. 826.
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will never be less than unity but ]i will decline at some level of advertising to less than unity.
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Nerlove and Arrow'*'* developed a dynamic response function which
they stated was a generalized model for which the Dorfman-Steiner model
was a special case.

The dynamic response function views sales of a

given product as the function of price, goodwill, and other variables
not under the control of the firm.

The cost production function is

taken to be constant as are variables other than advertising and price,
thus indicating a stationary environment.

A dollar of advertising is

assumed to increase the stock of goodwill by an equal amount; however,
goodwill is assumed to decline at some constant proportional rate over
time.

This effect on future sales through goodwill stocks contributes

the dynamic properties to the response function.

The conclusions

reached as to the conditions required for optimization of profits are
closely related to those reached by Dorfman and Steiner.

They stated

the optimal price is the price that equates the marginal production
cost and at this price the marginal revenue from increased goodwill
after netting out costs of producing the additional units should be
equal to the marginal opportunity cost of investment in goodwill.

This

opportunity cost is based on the fixed interest rate plus the decay
rate of goodwill.

The two alternatives for money that are available

for advertising are to advertise in the current period or invest the

54Ibid., pp. 827-830.
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Marc Nerlove and Kenneth J. Arrow, "Optimal Advertising
Policy Under Dynamic Conditions," Economics, XXXIX (May, 1962),
pp. 129-136.

the money at the fixed interest rate.

If money is invested, it draws

the current interest rate and does not lose value as goodwill would do
over a time period.

Therefore, the two components of the opportunity

cost are justified.
M e l r o s e , ^ using the findings of Nerlove and Arrow that the
best policy under completely static conditions is to maintain a cer
tain ratio of goodwill to sales, stated that in the event that inde
pendent changes in the demand conditions change sales, the prudent
firm would attempt to readjust
mum ratio.

its level of goodwill to a new opti

Four models were constructed and empirically tested based

on various assumptions as to the timing of this adjustment process.
First, it was assumed that a full adjustment would be made in the year
of the shift in demand.

The resulting model is an accelerator model.

This model has the form

A at = (6 - 1) K A s ^ ^

+

KAst

,

where Aji is the change in advertising, Ji designates the time period for
the variable subscripted, k is the desired ratio of goodwill to sales,
5_ is the decay constant, and As_ is the change in sales.
A second model was developed assuming that only a fraction of
the discrepancy is eliminated in the current period.
are presented to support the partial adjustment.

Two arguments

First, it was noted

that there is uncertainty as to the future demand conditions and sec
ondly, that the partial adjustment model advances the idea of diminish
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Kendrick B. Melrose, "An Empirical Study on Optimizing Ad
vertising Policy," Journal of Business, XLII (July, 1969), pp. 282292.

ing returns to advertising which was not assumed by Nerlove and Arrow
in the development of their theory.

On the basis of the partial ad

justment, Melrose derived a model that has the form

at =

where ^

<1-“ ) a (t-l) + *K a t " a ’ S) “K s (t-1)

•

is the partial adjustment coefficient with a value between

zero and one.
Using the conditions set forth by Nerlove and Arrow, Melrose
developed his third model.

Here the assumptions of a linear produc

tion cost function and a linear demand function in the logarithms of
price, goodwill, and other external variables 2_ are made.

When

is

allowed to vary, a model results that has the form

a t

where £

-

S K a t

+

(

i f e

is equal to Z
— oZ

>

K G t

and G

t

>

is a nebulous term which Melrose

stated defies an economic definition.

Gt , however, is the product of

the growth rate of Z_ and the level of sales.
The last model developed by Melrose assumed that the firm had
a predictable trend in the desired stock of goodwill.

The actual de

sired level of goodwill stock is determined from the sales level and
does not necessarily correspond to the estimated desired level.

It is

also assumed that the firm will adjust instantaneously to the expected
desired stock of goodwill.

On the basis of these assumptions a model

was developed that has the form
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at =

where A q

[(1-6) (l-o=) + 6(1-o=)Ao ] + c=Kst - (1-6 ^ K s ^ ^

+ 5(l-cc)Kt,

is the stock of goodwill at time zero.
An empirical study of these models was conducted using the same

data used by Palda in his study of the Lydia Pinkham Medicine Company.
A multiple regression technique was used to estimate the coefficients
for each proposed model.

The resulting multiple coefficients of deter

mination were 0.349, 0.818, 0.820, and 0.836 respectively for the four
proposed models with no serial correlation being indicated by the DurbinWatson statistics.

As Melrose stated, the results statistically favor

the approach used by Palda where multiple coefficients of determination
as high as 0.941 resulted.
This study assumed a constant depreciation rate for goodwill
and neglected the relationship of product price and advertising.

Also,

all the models did not reflect a decreasing marginal rate of return to
advertising.
T u l l ^ reviewed historical studies that supported the view that
advertising has a carry-over effect.
case of Packer Tar Soap.

In particular he discussed the

In the 1920's, Packer Tar Soap was one of the

leading shampoos and had been established for over 60 years.
World War I large sales increases were recorded.
1917 to 1925, sales more than doubled.

Following

During the period of

In 1924, a reduction in adver

tising expenditures was begun which was consistent with the company's

"^Donald S. Tull, "The Carry-over Effect of Advertising,"
Journal of Marketing, XXIX (August, 1965), pp. 242-246.

objective of phasing out the product.
decline in sales followed.

In 1926, a persistent and steady

Though other reasons were stated which might

explain the loss of sales, the reduction in advertising expenditure is
the only reason given for which a causal relationship can be demon
strated.

It was stated that proof of this relationship is necessarily

circumstantial.

In fact, each historical study alone is said to give

no real evidence that the causal factor in sales reduction is adver
tising reduction.

However, Tull stated, "From a Bayesian standpoint,

they collectively constitute evidence that must be considered in form
ing a prior judgment concerning the existence of the carry-over ef
fect."58
Several articles have been presented on the effects of cigarette
advertising.

Borden

59

extensively discussed the use of advertising in

the tobacco industry with special reference to cigarettes.

Nicholls

60

first estimated the effect of advertising on sales in the cigarette in
dustry.

Using a simple linear relationship, he regressed the percentage

of Lucky Strike and Camel sales against the percentage of American To
bacco Company advertising to the combined American Tobacco Company and
Reynolds Tobacco Company advertising for the period of 1925 through
1939.

Though he demonstrated some degree of correlation between ad

vertising and sales, the main source of interest in the study is that

58Ibid., p. 242.
SQ
60

Borden,

oj k

cit., pp. 207-274.

William H. Nicholls, Price Policies in the Cigarette Indus
try (Nashville, Tenn.: Vanderbilt University Press, 1951), p. 132.
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it was the first attempt to determine the relationship between advertis
ing to sales in the cigarette industry.

A similar regression for the

years 1934 through 1943 failed to show a significant correlation between
these variables.

No nonlinear models or models having lagged variables

were tested in this study.
6^
Telser x noted that the above study by Nicholls was the only
previous work which estimated the effect of advertising on sales in the
cigarette industry.

In discussing the effect of advertising, Telser

stated, "The high concentration and infrequency of price changes in the
62
cigarette industry are facts beyond dispute."

He, therefore, held

that the theories dealing with pure competition would be incompatible
with the behavior in the cigarette industry and could not be used as a
framework to explaii: the effects of advertising in the industry.
Telser first proposed to estimate the effect that advertising
had on sales through the use of multiple regression analysis of time
series data.

Four models were tested that assume the effects of adver

tising are realized in the period of the expenditure.

The first model

tested relates cigarette sales to the level of advertising, the nation
al income divided by the consumer price index, the price of the product,
and the trend of sales.

The least-squares regression equations were

calculated for the Camel brand cigarettes using data for the years 1913
through 1939 and for the Lucky Strike brand using data for the years

^ L e s t e r G. Telser, "Advertising and Cigarettes," Journal of
Political Economy, LXX (October, 1962), pp. 471-473.

62Ibid., p. 474.
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1925 through 1939.

2

The coefficients of multiple determination (R ) for

this model are 0.938 for the Camel brand and 0.794 for the Lucky Strike
brand.

The second model tested related sales to the logs of the inde

pendent variables of the first model.
determination are 0.947 and 0.799.
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Here the coefficients of multiple
The third model related the logs

of sales to the logs of the independent variables.

The coefficients of

multiple determination for this model are 0.693 and 0.823.

The last

model related the logs of sales to the actual values of the independ
ent variables.
and 0.799.

The coefficients of multiple determination are 0.750

He stated that the inclusion of trend in the tested models

had the effect of causing the expected values of the coefficients to
be the same as would have been found by taking the first differences
of the variables.
Some serial correlation was indicated by the Durbin-Watson sta
tistics for these models.

The second model using the data of the Lucky

Strike brand showed the least serial correlation as determined by a
direct comparison of the statistics.

Such a comparison is no more than

a rough indication of the relative degree of serial correlation and
should not be considered statistically valid.

As a second indication

of fit, the standard error of prediction was also found to be least for
the second model tested.

Thus, Telser stated that by these criteria

the second model best fit the data.

An appealing characteristic of this

model is that it implies a decreasing marginal return to advertising.
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The values of the coefficients of multiple determination are
presented in the same order of brand for each model.

A variation of the second model using the first difference form was
also tested but showed no significant improvement over the original
test results.
Implied in each of these models is one of two assumptions that
is not in agreement with the concensus of marketing researchers as to
the relationship of advertising to sales.

The first assumption is that

the effects of each independent variable is additive to sales and pro
portional to the level of the independent variable.

The second assump

tion is that the elasticity of advertising with respect to sales is a
constant value.
The second phase of Telser's study provided for the lasting ef
fects of advertising.

Here he provided for advertising to have an ef

fect into the future such that a constant fraction of sales effect in
time t-1 lasts into time _t.

Telser combined this concept with the con

cept that all future returns from an advertising expenditure brought
back to the present time at an appropriate rate of return must equal
the present cost of advertising for optimization.

He used these con

ditions to specify the optimizing level of advertising expenditure.

He

stated the returns in the initial year must equal to one less the ratio
of the constant fraction of marginal sales divided by one less the ap
propriate rate of return on advertising.

Since the constant fraction

was determined by the market reaction and was of necessity a fixed value,
it only remained to determine its value to be able to establish the in
ternal rate of return being realized from advertising.

Telser found

the most satisfactory way to estimate this constant fraction was by use
of a brand share model using probabilities of repeat purchases and
transfer purchases of consumers previously purchasing a competing

brand.

The constant fraction estimated from this model indicated that

83 percent of current purchasers of Camels would repurchase the product
while 74 percent of Lucky Strike purchasers would repurchase.

Solving

the formula for optimization of advertising expenditure yielded esti
mates of the marginal rate of return on advertising.

These were -6.8

percent for the Camel brand and about 15 percent for Lucky Strike, thus
indicating that Camel spent too much on advertising during the period
investigated.

These estimates applied to the years 1925 through 1928

and 1933 through 1939 for Camel and 1926 through 1928 and 1933 through
1939 for Lucky Strike since the average results for the marginal sales
effects of advertising were calculated for this time-span to generate
the required information necessary to calculate the internal rates of
return given above.
Two additional points of interest from this study are that a
trade-off between the coefficients of lagged sales and trend occurred;
however, inclusion of trend was still considered by Telser to be de
sirable as a linear deflator of advertising expenditure, and it was
noted that a negative correlation existed between the logs of adverf
tising expenditures of the Reynolds Tobacco Company and the American
Tobacco Company.

This negative correlation suggests that the two firms

avoided entering into an advertising race.
Noting that sales were not only influenced by advertising, but
advertising was influenced by sales, Bass

64

64

proposed and tested a

Frank M. Bass, "A Simultaneous Equation Regression Study of
Advertising and Sales of Cigarettes," Journal of Marketing Research,
VI (August, 1969), pp. 291-295.

simultaneous equation model.

The model was developed for the cigarette

industry for the years 1953 through 1965.

Filter and non-filter cigar

ettes were each aggregated and treated as the two commodities of concern
in the study.

Demand equations were constructed for each commodity re

sulting in the first two structural equations of the system.

Advertis

ing behavior equations were developed for each commodity which completed
the four equation model.

The endogenous variables considered included

sales of each commodity and advertising expenditures of each in their
logarithmic form.

Exogenous variables were also logarithmic and in

cluded disposable personal income and product prices.

Using two-stage

least-squares to estimate the parameters of the model, structural equa
tions were specified and reduced-form equations were developed which
related each endogenous variable separately to the exogenous variables.
The assumption was made that external perturbations did not exist in
the background conditions.

Hypothesized limits were placed on the

parameters of the structural equations and these were tested by making
predictions about the reduced-form equations.
tions were met.

In all cases the limita

No brand information was developed due to the aggre

gated nature of the information used in the test.

It was stated in

conclusion that, "Despite its limitation, the simultaneous-equation re
gression model, developed and tested in this article, suggests that it
may be successfully applied to advertising problems of this kind and
may aid in shaping managerial decisions."
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Results given in the ap

pendix of this article, however, presented some questions as to the

65Ibid., p. 297

53
suitability of the model developed.

The multiple coefficient of deter

mination given for each reduced-form equation ranged from a low of 0.614
to a high of 0.930.

Specifically these values were 0.793 for the re

duced-form equation for the logarithm of sales of filter cigarettes,
0.930 for the logarithm of sales of non-filter cigarettes, 0.710 for
the logarithm of advertising dollars for filter cigarettes, and 0.614
for the logarithm of advertising of non-filter cigarettes.

Also the

F-statistics estimated for the parameters were not all satisfactory
ranging from the least significant of 0.81 to the most significant of
2.98.

Only three of the twelve estimated parameters resulted in F-

statistics absolutely greater than 2.0.
Schaffir and Orr

67

66

undertook to fit a model to empirical sales

and advertising expenditure data.

The aim of their study was to de

velop a response function that would show promise of being verifiable
while remaining simple enough to be understood.

At the same time they

wished to be in agreement with their general knowledge of the economic
characteristics of advertising.

Their model was formulated to be logi

cally complete and internally consistent.

The model proposed and

tested indicated that the sales of the next period are determined by
characteristics of the product being advertised, the level of the cur
rent and proposed next period advertising, and the current sales level.

66Ibid., pp. 299-300.
^ K u r t H. Schaffir and Earle W. Orr, "The Determination of Ad
vertising Budgets for Brands," Journal of Advertising Research, III
(March, 1963), pp. 7-11.

The proposed model was
AXI x
Ax

Sales for the next period = b (current sales) (— )
XX
c
where A and
uct.

,

are constants dependent on the characteristic of the prod

They contain information as to the susceptibility of the consumers

to respond to additional advertising, the characteristics of the growth
potential of the brand considered, and the effects of advertising com
petition.

Therefore, any change in any of these conditions can be as

sumed to change the values A and b^
greater than zero but less than one.

The value of A is required to be
An /A c

the ratio of the pro

posed level of advertising in the next period to that currently being
expended.

This model is of interest in that it provides for diminish

ing returns to advertising expenditure increases which are in agreement
with accepted theory.

A crude demonstration that the response function

developed generated results similar to empirical data was made.

No

statistical verification was presented to support a finding that the
model successfully related sales to advertising.

Statistical Considerations in the Development of an Advertising Model
The primary consideration in the development of any advertising
model must be the accurate representation of the pertinent variables and
the correct specification of the interrelationships of these variables.
Attacks on the validity of any of the studies reviewed can be made on
this basis.
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As Clark

68

has pointed out, where increases or decreases

Clark, op. cit., pp. 11-12.

in sales have been related to similar changes in the advertising expen
ditures, this relationship may have been of a spurious nature.

The

causal factor might not have been the advertising expenditure change
but some other factor such as product changes or changes in the effec
tiveness of the sales force.

Alt has stated, "As the number of inde

pendent variables becomes larger, the probability of obtaining such
spurious results increases; as the degree of correlation between de
pendent variables and independent variables becomes larger, the probability of obtaining spurious results decreases."
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Once the correct relationship of the model has been identified,
there still remains the problem of quantifying all the variables.

One

variable often encountered in the literature which presents a particu
lar problem is the quality of advertising copy.

T a p l i n , ^ in discus

sing this problem, has suggested that quantifying the "creative" effect
of advertising is an impossible task.

Dean, in a slightly more optimis

tic view, noted the difficulty in quantifying the quality of advertis
ing ; however, he said, "To some extent, these fluctuations can be aver
aged o u t . " ^

Even the averaging out effect was questioned by Cantz in

stating, "I am frank to admit that the quality of your creative thinking

69

Frank L. Alt, "Distributed Lags,"

Econometrica, X (1942),

p. 116.
^Taplin, o p . cit., p. 227.
^"4)ean, "Cyclical Policy on the Advertising Appropriation,"
pp. 268-269.

is still the dominant factor in any advertising program."
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Lipstein

73

has found that the quality of copy or media selected may magnify or
diminish the aggregate advertising effect.

The media are the channels

through which the information is sent and, therefore, the effectiveness
of the media is directly related to the effectiveness of the advertis
ing expenditure.
Another problem which arises when advertising models are de
veloped from historical data is that conditions might not have been
stable.

As stated by Seligman, "Even when some relation between adver

tising and sales is established, the advertiser can never be sure it
will not c h a n g e . I t

is, therefore, necessary that in any study a

thorough evaluation be conducted to establish that during the period
of concern no conditions change which would invalidate the usefulness
of the response function.
T a y l o r ^ has stated that a complete understanding of the pur
chasing process is necessary in order to explain the advertising ef
fect on sales.

He proposed that with such an understanding of the proc

ess comes a realization that time is a likely dimension to be included
in any advertising model.
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Cantz,

o jd .

This inclusion of time into a model, however,

cit., p. 22.
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Benjamin Lipstein, "Mathematical Model of Consumer Behavior,"
Journal of Marketing Research, II (August, 1965), p. 260
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Seligman, o£. cit., p. 222.

^ J a m e s W. Taylor, "Two Requirements For Measuring the Effec
tiveness of Promotion," Journal of Marketing, XXIX (April, 1965), p. 43.

raises certain problems.

Telser

mentioned one such problem.

He

raised the question whether data should be adjusted before their use
or whether the nominal values of the data should be included.

In his

study dealing with the cigarette industry he used time series analysis
on the nominal data thus neglecting changes over time of both the ad
vertising rates and audience size.

He said that evidence existed that

advertising rates and audience size move in the same direction which
tend to reduce the errors of measurement in his study.

Any error in

volved by using the nominal values of the data were felt to give upward
bias to the estimate of advertising effectiveness.

By the very argu

ments set forth to justify not having adjusted his data, support is
given to using adjusted data in such studies.

A considerable diffi

culty exists, however, in arriving at a proper means of adjusting such
data as the advertising expenditure.

B a c k m a n ^ discussed an implicit

advertising cost index which is calculated as the weighted average of
price relatives for each of the major media.

Weights are taken as the

percentage of the total advertising expenditure for each of the in
cluded media.

A comparison of the implicit advertising cost index to

the consumer price index shows a close agreement over the years of
1946 and 1950 through 1965.

These years are inclusive of all years for

which data were available to calculate the implicit advertising cost
index.

Due to the close agreement of these indices little advantage

would be realized in using the implicit index over the use of the con
sumer price index to deflate advertising costs.

7 f\

Telser, "Advertising and Cigarettes," pp. 477-478.

^Backman,

o jd .

cit., pp. 190-202.

Host of the advertising models proposed assumed some form of
linear relationship between sales and other variables.

This assumption

leads to a variety of possible hazards to researchers which result from
the failure of the response function to meet the criteria assumed by
these models.

The major problems which may result from the choice of

a linear model are:

bias in the estimated coefficients of the variables,

multicollinearity, autocorrelation, and theoretical suitability of the
model form.

Johnston

78

has suggested that doubt may be raised as to the

suitability of a linear relationship where multicollinearity exists.
He defines multicollinearity as ". . . the name given to the general
problem which arises when some or all of the explanatory variables in
a relationship are so highly correlated one with another that it be
comes very difficult, if not impossible, to disentangle their separate
influences and obtain a reasonably precise estimate of their relative
effects.1,79

Telser^*"* noted that collinearity among explanatory varia

bles presents serious consequences where errors of measurement exist
in the data.

Here the errors are magnified enormously, thereby having

the result of seriously distorting estimates of the parameters.
and Glauber

81

Farrar

discussed at length the effects of multicollinearity when
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J. Johnston, Econometric Methods (New York: McGraw-Hill Book
Co., 1963), p. 201
79Ibid., p. 201.
80
81

Telser, "Advertising and Cigarettes," p. 490.

Donald E. Farrar and Robert Glauber, "Multicollinearity in
Regression Analysis: The Problem Revisited," The Review of Economics
and Statistics, XLIX (February, 1967), pp. 92-96.
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using the single equation least-squares regression model.

They explained

that as the severity of multicollinearity increases, the sum of squares
and cross products matrix approaches singularity.

This causes the in

verse of this matrix to increase to unacceptably large values, thereby
causing the variances of the coefficients of the independent variables
to also increase in value to unacceptable magnitudes. This results due
to the fact that the variances of the coefficients are the product of
the variance of the population and the inverse matrix.

Even where the

model is correctly specified and the estimates of the coefficients are
unbiased, these large variances indicate the low information content
of the observed data and, therefore, the low quality of the estimated
parameters.

It was stated, "The increase in sample standard errors

for multicollinear regression coefficients virtually assures a tendency
for relevant variables to be discarded incorrectly from regression equations."
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Multicollinearity, however, does not change the least-squares

estimates of the parameters from being "best linear unbiased" where the
model is properly specified and has an absence of feedback.
Johnston

83

further clarified the effects on the linear model

where autocorrelation is found to be present.

No bias is imparted to

the estimates of the coefficients of the independent variables; how
ever, an increase in the sampling variance results which is said to be
partially obscured when calculations are based on formulas which assume

82Ibid., p. 94.
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Johnston, op. cit., pp. 179-192.

independence of the error term.

This is likely to result in an under

estimate in the sampling variance.

As a consequence of autocorrela

tion, the t-test and F-test are not valid and predictions of developed
models are inefficient.
Johnston has discussed the properties of both ordinary leastsquares and two-stage least-squares techniques and stated that when cur
rent endogenous variables appear on the right-hand side of the equation
biased and inconsistent estimations result from the application of the
ordinary least-squares technique.

The two-stage least-squares estima

tions for simultaneous equation models are also said to be biased, but
they are consistent.

In reviewing the findings of a simulation study

conducted by Summers, Johnston concluded that under most conditions
the two-stage least-squares estimation is superior to those of the
ordinary least-squares technique, particularly when an inter-relation
between the variables on the right-hand side of the equation exists.

How the Information of the Literature Will be Used
The information presented in this chapter will form the basis
of the development of a model to be used in the analysis of advertis
ing data.

The reasons why firms advertise were presented to show that

resulting profits are the ultimate goal of firms in their use of ad
vertising, but that these profits may result as a combination of the
effects of advertising.

The conditions that suggest advertising can

be profitably utilized, as well as the discussion of how advertising
should be applied and how appropriations are made in practice, provides
insight into the advertising process necessary to analyze the results
of this study.

The discussion of the considerations that are important

to the development of an advertising model and the discussion of other
studies in which advertising models have been developed forms the basis
for the development of a model to be used in this study.

Certain sta

tistical considerations to this development have also been discussed.
This model in turn will form the core of a methodology that will be
developed to analyze the sales effectiveness of advertising.

Chapter III

THE DEVELOPMENT OF A MODEL AND A METHODOLOGY
TO BE USED IN ANALYZING DATA
ON ADVERTISING AND SALES
This chapter presents the development of the model and the
methodology to be used in this study.
to resultant sales for an industry.
in several stages.

The model relates advertising
The development is accomplished

First, a general industry model is developed.

Second, a specific model is evolved by placing specific constraints
on the general form.

These constraints reduce to a manageable number

the variables included in the model.

Third, and last, a discussion of

the characteristics of the model is presented.

A development of the

methodology that includes the use of the model to analyze advertising
and sales data of selected firms is then presented.

Development of the Model
Choice of the Mathematical Form of the Model
In order to meet the needs of a valid study, the response func
tion should exhibit certain desirable characteristics that are believed
to be innate to the advertising process.

There are five such charac

teristics that are generally accepted by those persons knowledgeable
in the field of advertising.

First, a response factor should be pres

ent that relates advertising to sales.
sales should be present.

Second, a saturation level of

To have a saturation level of sales implies

that during a given period of time the potential number of customers
is fixed.

Third, a provision should be present to allow for the decay
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of sales.

Fourth, a minimum non-negative sales level should be present.

Finally, the response function should exhibit the properties of diminish
ing sales elasticity of advertising and diminishing marginal rate of re
turn to advertising as advertising expenditure levels are increased.
No model is presently available that meets these criteria.

The

Zentler and Ryde^ model, though generating an S-curve, was not developed
to reflect the interaction of variables in the advertising process.
Since they made no attempt to satisfy the micro-interaction of the vari
ables, this model does not have the capability of dynamic change.

Simi

lar deficiencies are present in the models presented by Benjamin and
Maitland.

2

The models presented by Palda

additivity of the effects of variables.

3

assume an independence and

This assumption is not sup

ported by the findings in studies presented in the literature.
models proposed by Telser
cerning the Palda models.

4

The

have similar faults as those mentioned con
Also, the same criticism applies to the

model proposed by Vidale and Wolfe.^

The remaining models discussed in

the literature, with the exception of the Schaffir and Orr model, have
one or more of the undesirable features discussed above.

The Schaffir

^"Zentler and Ryde, o£. cit. , pp. 340-342.
2

Benjamin and Maitland, cjo. cit. , pp. 209-217.

3
Palda, o£. cit., pp. 84-95.
^Telser, "Advertising and Cigarettes," pp. 471-490.

^Vidale and Wolfe, cjp.* cit. , pp. 370-378.

and Orr

model, though overcoming to a great extent the criticism men

tioned for the other models, lacks a saturation level of sales, and
the decay of sales in the absence of advertising would be at a 100 per
cent rate.

However, this model does have a multiplicative relationship

which is desirable.

A second attractive feature of this model is in

ferred by mention that the constants of the model are in reality vari
ables reflecting certain characteristics of the advertising process.
Schaffir and Orr, however, did not make such a substitution for the
constants of their model.
Since no existing model meets the characteristics that are
deemed essential to a response function, it is important to develop a
new model exemplifying the required characteristics.

An equation form

that exhibits most of these characteristics and can be modified to ex
hibit all of these characteristics is represented by the Gompertz fami
ly of curves.

Therefore, this type of curve will be used as a skeleton

upon which a general response function will be developed.

This equation

has the general form

Y fc = C [AB *]

,

A
where Y

is the estimated sales level in time period t^, and xt is the

advertising expenditure of the same period.
tion level of sales, and A and

represents the satura

together represent the response factor.

Given this skeleton model and a series of refinements, a model
will be developed that allows flexibility of the response function under

^Schaffir and Orr, oja. cit. , pp. 7-11.

certain of the dynamic conditions
dynamic adjustments include:

faced by a typical industry.

These

a lagged effect of advertising expendi

tures, changes in the population, changes due to the business cycle,
changes due to the product's life cycle, and changes in the productivity
of advertising.

The Saturation Level of Sales in the General Model
The first modification to the basic form of the Gompertz equa
tion is to substitute a functional relationship in place of the satura
tion level constant C^.

The saturation level of sales should be subject

to change from a variety of variables within the relationship.
ing to both Dean

8

and Palda,

9

Accord-

price factors have an effect on the poten

tial sales level that can be achieved with a given level of advertising.
Price factors as stated include discounts, credit policies, and other
related factors.

Another relationship that affects the saturation level

of sales is the economic cyclical fluctuation pattern.

D e a n ^ and

P a l d a ^ used disposable personal income as a variable in their models

The dynamic conditions refer to the constantly changing satura
tion level of sales over a time-span and the changing effectiveness of
a dollar of advertising expended at a fixed level of advertising over a
time-span as compared to a static analysis that considers the satura
tion level of sales to be constant and the effectiveness of a dollar of
advertising at a fixed expenditure level to be constant.

8

Dean, "Does Advertising Belong in the Capital Budget?"

p . 18.
9

Palda, ££. cit., p. 88

^ D e a n , "Cyclical Policy on the Advertising Appropriations,"
pp. 268-272.

1;LPalda, op. cit., p. 88.

reflecting the effects of these fluctuations.

Depending on the specific

application of the model, the factors of this relationship may be ex
pressed in simple terms or in a complex manner.
incorporated in models developed by Hollander,
others.

Trend factors have been

12

Palda,

13

Dean.

and

These factors may be incorporated in the saturation level in

a variety of forms which suit the application.

The trend factors re

flect the rate of goodwill accumulation, decay of sales potential and
a variety of other effects.

Stanton‘S

suggested the use of geographic

factors in explaining advertising effects, while Dean

16

and Kaldor

17

considered that factors relating to the type of product are important
in determining the potential market.
Taplin

18

stated that the life-phase of the product has an ef

fect on how advertising can affect the sale of a product.

This effect

should change the saturation level and will be included in the modifi
cation of this term.

12
13

To complete the list of factors that need to be

Hollander, ££. cit., p. 79.
Palda, 0£. cit., p. 88.

■^Dean, "Cyclical Policy on the Advertising Appropriation,"
pp. 268-272.
"^Stanton, oj>. cit. , p. 543.
16

Dean, "Cyclical Policy on the Advertising Appropriation,"
pp. 268-272.
17

Kaldor, o£. cit., pp. 9-10.

18

Taplin, ££. cit., pp. 228-229.

considered in determining the saturation level of sales, changes in the
size of the population for which the product is suitable should be in
cluded.
No specific form of the relationships among the factors men
tioned can be stated that would satisfy the requirements of a general
model.

Such specific relationships would result only in the case of

a specific application.
The general form of the functional relationship for the satura;tion level of sales is thus stated as

f (Z, P, W, D, G, T, L) C' ,

where C '

represents the base saturation level of sales, Z_ represents

the effects of price, P_ represents the effects of population changes,
W represents the effects of economic cyclical fluctuations, ID represents
the effects of the sales trend, (J represents the effects of geographic
factors,

represents the effects of the type of product, and

repre

sents the effects of the product's life-phase.

The Variable Exponent;

The Effective Advertising Level in the General
Model

A modification similar to that performed on the saturation
level is performed on the advertising expenditure term.

This modifi

cation converts the advertising expenditure level to a term reflecting
the effective level of the expenditure.
Cohen

19

dealt with the advertising-marketing complex in dis

cussing the variables associated with the development of a response

19

Cohen, o^. cit., pp. 10-14.

function.

Here, three inter-related groups of factors were discussed:

the quality of the advertising copy, the media selection, and the type
of product to be sold.

The last of these groups has been included in

the saturation level modification.

The remaining two groupings are

directly related to the effectiveness of advertising dollars.

Dean

20

found that both of these effects are directly related to the effectiveness of advertising.

Kaldor

21

and Lipstein

22

each proposed that the

quality of the advertising copy has an effect on sales generated by a
given level of advertising.
Wright and Warner

23

proposed that the effective level of adver

tising is a complex relationship of the elements of the marketing mix.
The marketing mix includes factors related to merchandising, distribu
tion channels, personal selling efforts, and pricing.

Each element of

the mix has an influence on the effective level of advertising and,
therefore, should be included in the general model’s variable exponent.
In addition to these factors a relationship should be included
that reflects changes in the cost of advertising over time.
Taking into account each of the factors discussed yields a
functional relationship for the effective level of advertising of the
form

20

Dean, "Cyclical Policy on the Advertising Appropriation,"
pp. 268-272.

21

Kaldor, o p . cit., pp. 9-10.

22

Lipstein, o£. cit., p. 260.

23Wright and Warner,

0 £.

cit., p. 91.
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, E,

M,

S,

H,

J, 2 )

,

where X represents the advertising expenditure, jE represents the effects
of copy quality, M represents the effects of the media selected,
resents the effects of merchandising,

rep

represents the effects of the

distribution channels used, jJ represents the effects of personal selling,
Z_ represents the effects of pricing, and _F represents an index of adver
tising cost.
Again, as with the functional relationship for the saturation
level of sales, the exact form of expression can not be stated for a
general model.

The General Model for an Industry
The general model for an industry results from replacing the
constant £ of the Gompertz equation with the expression representing
the saturation level of sales and replacing the advertising expenditure
level variable xfc with the expression representing the effective level
of advertising.

The general model resulting from these modifications

has the form

, E, M, H, S, Z, J)
Y t = f (Z, P, W, D, G, T, L) C" [A

]

.

This model incorporates the findings of the studies reviewed;
however, the model in its general form is too complicated to be of
practical value in analyzing advertising expenditure data.

Development of the Specific Model to Be Used in This Study to Evaluate
Advertising Expenditure Data
Certain constraints are placed on the general model developed
in this study which have the purpose of reducing the inter-relationships
of non-advertising effects with those directly related to advertising
and thereby reducing the response function to include a manageable num
ber of variables.

A logical range for each of the parameters of the

model is defined, and the use of the model is discussed as an element
in the methodology to analyze advertising and sales data.

Constraints of the Specific Model
As previously mentioned, constraints are placed on the applica
tion

of the general model in order to develop a specific model.

purpose

The

of these constraints is to allow the development of a model that

will be useful in the analysis of advertising and sales data for a
specific category of firms.
The constraints that are placed on the application of the model
are as follows:
1.

The industry produces a non-durable consumer good.

2.

The firms within the industry do not engage in price compe
tition but instead compete through the use of advertising.

3.

The physical products of the competing firms within'the
industry are homogeneous, though no limitation is placed
on the ability of the firms to create an attitude in the
consumer's mind that product differences exist.

4.

The product is in the established phase of its life cycle.

5.

The character of the population remains unchanged with the
exception of absolute numbers.

6.

The industry will be characterized as either a monopoly or
an oligopoly.

A discussion of the effect of each of these constraints is presented in
the following sections of this study.

Development of an Expression for the Saturation Level
The functional expression that represents the saturation level
of sales is constructed in a multiplicative form which takes into ac
count the constraints placed on the application of the model.
It is reasonable to assume that the saturation level should in
crease in direct proportion to the size of the population for which the
product is suitable.

Since population estimates, relatively free of

error, are available from census information, a population relative
can be constructed to be used to adjust the saturation level to an ap
propriate size.
The constraint that the firm produces a non-durable consumer
good simplifies the effect of the economic cycle.

No provision is re

quired that would reflect a deferred purchasing pattern as a result of
economic or psychological aspects of the cycle, though some account must
still be taken of the availability of funds for the purchasing of prod
ucts .

The gross national product per capita best reflects this vari

able factor.

A relative of this value raised to a constant power rep

resenting the elasticity of the relative with respect to the level of
sales is used as the cyclical relationship.
The absence of price competition removes the need to include
demand

relationship as

a

a function of price.

The firm being required to produce a single product combined
with a

static population character (population size

is not limited) re

moves the need to adjust the saturation level for product type and for
geographic factors.

The firm being in a single product life-phase removes the need
to make any adjustments for the life-phase of the product.
The provision that the industry be characterized as an oligopoly
or as a monopoly assures that the actions of the firm will affect the
industry demand curve.

Also, in multiple firm industries the actions

of a single firm will affect the remaining firms of the industry.
Subject to the above discussion the saturation level of the
specific model in units is represented as
r ,t _
pfc w t d c
where

,

pt

is the population relative for time period jt

w fc
—

is the gross national product per capita relative for
time period Jt ,

_r

is the constant estimated from the data reflecting the
gross national product per capita relative elasticity
of sales,

d_

is the period growth constant, and

c/*

is

the base value of the saturation

,

level of sales.

Development of an Expression for the Variable Exponent
It is then necessary to develop an expression for the variable
exponent of the specific model that gives the effective advertising
level.

Since advertising costs are variable and have a demonstrated

pattern closely paralleling the changes in the

consumer price index,

advertising costs are placed on a comparable basis over time by dividing
the advertising expenditure for any given period by the consumer price
index of that period.

The lagged effect of advertising, hypothesized to exist by many
authors, is next considered.
vertising term.
tising.

A single period lag is assumed in the ad

This constitutes a one year lagged effect of adver

The single period is chosen due to the nature of the product

for which the model is constructed.

Findings in the literature

indi

cate that non-durable goods having a relatively low cost exhibit a
short time lag between advertisement and the purchasing action.

24

The

lag effect is incorporated into the expression by breaking the adver
tising expenditure realized in any period into two additive components.
These are the expenditure of the given period plus a fraction of the
expenditure from the previous period with each having been adjusted for
changes in the cost of advertising.
A last adjustment incorporates the remaining factors of the
general model into a single term reflecting the growth rate of adver
tising productivity.

Here the quality of the advertising, the media

selection, merchandising, and personal selling efforts, as well as the
effects of the distribution channel, are reflected.
growth (or decline) is assumed.

A simple geometric

This assumption is made in order to

simplify the model while at the same time taking into account that ad
vertising effectiveness might change over time.

This simplifying as

sumption does have the result of removing the consideration of pricing
and income from the effectiveness of advertising.
The resulting expression representing the effective level of
advertising is
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Lavidge and Steiner,

0 £.

cit., p. 59.
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where

t

£

is the effective fraction of the advertising expenditure
of the previous period acting in the current period _t ,

x^

is the advertising expenditure in the current period t^ ,

f

is the consumer price index of the current period t_ , and
is the growth constant for the productivity of advertising.

The Specific Model
The specific model to be used in this study is obtained by sub
stituting the expressions developed, subject to the constraints imposed,
into the Gompertz equation.

The resulting response function has the

£°m

t,
r t
Y t = pt W t d

b
°'^a

f
t_1

t

■*

»

where a and b^ are constants estimated from the data.

Taken together a

and b^ represent the response factor of the response function.

The re

maining terms are as previously defined.

Limits of the Estimated Parameters
Certain of the parameters of the model have specific limita
tions as to their magnitude or sign.

Each such limitation will be dis

cussed.
The limit placed upon the value of a is that a is required to
be greater than zero but less than one.

The lower limit of this range

assures that the minimum level of sales will always be positive though
this level may approach zero.

This satisfies the fourth characteristic

listed for a response function.

The upper limit of this range assures

that the saturation level of sales will not be exceeded as long

as the

value of b_ remains within its specified limits.
The limits placed upon the value of b_ are that
than zero but less than one.

must be greater

These limits assure that the response

function will exhibit a diminishing marginal rate of return to advertis
ing thereby satisfying the fifth characteristic.
The only requirement to be placed on the value of o'
must have a positive value.

is that it

This condition is necessary to meet the

definition of the term since no negative level of sales is possible.
The values of <1 and
nition.

are both required to be positive by

defi

In addition to being positive a certain reasonable range of

values for these parameters is

specified.

Since both of these param

eters are growth rates and since the product is in its established life
phase, reasonable limits (based on the judgment of the author of this
study).for these parameters are 0.8 to 1.2.

Except where special justi

fication can be found, values outside this range would offer "prima
facie" evidence of a spurious relationship.
The values of

and jc are not constrained

reasonable values for £ are considered

o < _g_ < 1.

as to sign. The
No specific range

of values can be given for the parameter v_ for it is expected to be
highly variable with the type of product.

The Dynamic Aspects of the Specific Model
The specific model developed in this study has certain dynamic
properties which are due to the specific modifications made to the
Gompertz equation.

Provision is made for population size changes and

cyclical changes reflected by the per capita gross national product.
Also provisions are made for trends in both the saturation level of
sales
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and in the productivity of advertising that has been adjusted

for changes in the cost of advertising over time.

These modifications

are incorporated to allow a flexibility not found in the models devel
oped in previous studies; however, the model is not intended to be
considered as fully dynamic.

Applicability of the Model
Though the model developed in this study is applicable to a
large number of firms, caution should be exercised in its use.

Erroneous

sales estimates may result from the violation of the assumptions made in
the development of the model.

The assumptions of the character of the

population and of the growth variables are particularly susceptible to
violation.

Also, where exogenous variables to the model undergo changes

for which no provision is made, the applicability of the model will be
in question.

One such change that is apt to occur is a change in the

historical taste pattern of the potential market.

In any specific study

it is quite important to consider the application to which the specific
model developed will be applied and tailor the functional relationships
to meet the requirements of the particular study.
The specific model of this study, though meeting the require
ments of many firms, is not intended to be used where the limitations
of this study do not apply.
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The provision for changes in the population, gross national
product level, and trend to affect the saturation level causes the
advertiser to have a moving saturation level of sales over time.

Methodology to Determine the Optimal Level of
Advertising Expenditure for Selected Firms
In order to determine the optimal level of advertising expendi
ture for a given firm during the time-span to be studied, the marginal
cost at varying levels of advertising expenditure is calculated for the
product using the industry response function developed.

The optimal

level of expenditure is determined to be where the marginal revenue of
the firm for the product is equated to the marginal cost incurred by
the firm.
The expenditure for advertising by the firm of concern is as
sumed to be a constant proportion of the aggregate expenditure by the
industry, and this proportion will be equal to the historical propor
tion for the period investigated.

Also, the market share of each firm

within the industry is assumed to be constant and equal to the actual
market share when advertising is in accordance with the previous assumption.

These assumptions are based on the statement by Brennan
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that firms tend to meet competition to prevent a loss in their market
position.

It is also assumed that unit production costs are constant

at any production level for the product for any given period.

The ac

tual data for this study are obtained ex post from published material
for the products to be studied.

Under the assumptions stated, the

marginal cost of advertising for the firm can be calculated.
The marginal costs are determined in one of two ways.

Where

no lagged effect of advertising is present, the marginal cost is calcu
lated as the unit manufacturing cost plus the incremental cost in the
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Brennan, op. cit., p. 256.

firm's advertising divided by the resulting increase in sales for the
period obtained by use of the response function.

This sales value is

obtained by calculating the difference in sales for the industry with
and without the incremental advertising increase.

The industry sales

increase is multiplied by the firm's market share to obtain the firm's
increase in sales.

The calculation of marginal costs in the absence

of lagged effects can be represented mathematically by the equation

MC

= C

+

----(AYt) (MSt)

where MCt is the marginal cost of a unit of product in time period _t ,
Ct
—

is the manufacturing cost before advertising for a unit of
the product in time period jt ,

A

AYt

is the estimated increase in sales units resulting from the
incremental increase in advertising in time period _t ,

MSt

is the historical market share for the product in time
period t^ , and

1^

is the incremental increase in advertising expenditure by
the firm.

Where a lagged effect is present, modification to the calculation pro
cedures must be made to reflect the time value of the expenditures.

A

series of calculations is first necessary to determine the sales in the
current and following period as a result of an incremental increase in
industry advertising in the current period.

Here, it is necessary to

specify a level of advertising in the previous period.

It is assumed

that advertising in the previous period is equal to the current level.
Then the effect of an incremental change in advertising is calculated
for the current period with and without the incremental increase in
industry advertising.

The firm's sales increase of the current period

resulting from the advertising increment is found as the difference of
these two calculated values multiplied by the firm’s market share.

The

sales of the next period as a result of the current expenditure is then
calculated with and without the current incremental increase in indus
try advertising.

No advertising expenditure is assumed in the next

period in order to perform this calculation.

Again the firm's sales in

crease is calculated as the difference in sales with and without the
current incremental increase multiplied by the firm's market share.
The marginal cost is calculated in two steps.

First, the unit cost of

the product is multiplied times the sales increase for the firm in the
current period plus the increase in advertising cost in the current
period.

Then the value obtained is divided by the total sales increase

for the two periods to obtain the marginal cost of the product.

No

discounting of the product cost is required because the production cost
is paid in the period of the sale.

The calculation of marginal costs

where lagged effects of advertising are present can be represented
mathematically by the equation

MC

<C ) (A- y <MSt) + <C
) (Ai t+1) (MS
) + I
= ------- 7-------------- x-------------------------<AYt) (MSt) + <AYt+1) (MSt+1)

*

where all terms are as previously defined.
Marginal revenues are also determined in one of two w a y s .

Where

no lagged effect of advertising is present, the marginal revenue is the
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unit selling price of the product and is assumed constant at all levels
of sales.
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Where a lagged effect is present, the marginal revenue is

calculated by discounting the revenues resulting from the increase in
the firm's advertising in the next period by an appropriate discount
factor and adding this resultant sum to the revenue of the current
period resulting from the increase in the firm's advertising.

This sum

must then be divided by the firm's total sales increase for the two
periods as a result of the increased advertising expenditure to obtain
the marginal revenue of the product.

The calculation of marginal reve

nues where lagged effects of advertising are present can be represented
mathematically by the equation
m

_ (st) (AYt) (MSt) + (DF) (Yt+1) (MSt+1)

C
where

(*V

MRt is
is
DF

is

<MSt ) + ( M t+1> <MSt+1)

the marginal revenue in time period jt ,
the price of the product in time period

, and

the appropriate discount factor for the firm.

The remaining terms used in this equation are as previously defined.

The simplifying assumption that there is a constant marginal
revenue should be dropped where a knowledge of the selling price of
the product is known at various sales levels. However, this simpli
fying assumption is taken to be reasonable in light of the fact that a
businessman is unlikely t& make drastic changes in his advertising ex
penditure in a single period as a result of the predicted optimal ad
vertising level based on the methodology presented in this study or
any other methodology to be developed.

Chapter IV

ALTERNATIVE TECHNIQUES FOR THE ESTIMATION
OF PARAMETERS OF NONLINEAR. FUNCTIONS

Four basic techniques for fitting the parameters of nonlinear
functions are briefly discussed in this chapter.
nonlinear

The parameters of

functions differ from those of linear functions in that their

effect on the dependent variable is not constant but instead variable
with respect to the magnitude of the independent variables.

The tech

niques that are discussed are linearization, steepest descent, Marquardt's Compromise, and the direct search.

The techniques chosen here

have been presented in numerous articles with specific modifications to
adapt these techniques to specific problems.

However, a general dis

cussion to be presented on these four techniques provides a sufficient
basis for the choice of the technique to be used in this study without
undue discussion of all specific modified techniques within each classi
fication.

A discussion of the criteria by which significant parameters

could be culled from non-significant parameters is also included.

A

technique based on the four discussed is developed to meet the require
ments of this study and its application is explained.

Model Form
The general form of the nonlinear model is

Y = f (R1 , R2 , ... R ^

01 , 02 , ... 0 ) + E

,

where R's represent the 1c independent variables and _0 represents the j_
nonlinear parameters of the model.

Y_ is the dependent variable and 15
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is the error term.

The function jf is nonlinear in the parameters.

The

partial derivatives with respect to the parameters are also nonlinear
in form.^
The analytical determination of the parameters that yield the
least-squares nonlinear equation requires that the partial derivatives
of the sum of the squared error terms be taken with respect to each
parameter to be estimated.
be equated to zero.

The partial derivative terms would then each

The resulting set of simultaneous equations would

be solved to yield the parameter values that would yield the leastsquares equation.

Since the partial derivatives of nonlinear equations

are themselves nonlinear, the difficulty in obtaining a solution to the
resulting set of simultaneous equations limits the application of this
technique to only trivial cases.

Therefore, all the methods of deter

mining the parameters which result in a least-squares estimation of the
population function are based on some iterative process.
To simplify the discussion of the model, the model will be ex
pressed as

Y

where

u

= f(R ,0) + E
u*
u

u = 1 to n observations.

*

2

^N. R. Draper and H. Smith, Applied Regression Analysis (New
York: John Wiley and Sons, Inc., 1966), pp. 264-266.
The terms R and (3 are vector expressions that consolidate
all of the independent variables and parameters respectively.

Some Alternative Curve
Fitting Techniques
Linearization Technique

3

The first technique to be discussed is the linearization tech
nique which employs the expansion of the function about some initial
estimate of the parameter
the first derivative.

values using a Taylor series curtailed at

The expansion is presented as an approximate

equality when 0 is close to 0Q .

This expansion has the form

j

9*(R >0)

* (Eu ,0 ) = f (Eu>0 o) + I
t=l

i

where 0 q indicates the initial estimates of the

If

f°
u

=

f (R ,0 )
u* o

fa

. 0

a

^

(Si ®io)

,

o
parameters.

,
*

3f(Ru ,0)
Piu =

Bi

-

*

aC
1

^0 = 0

0 i - 0 io

o

* and

■

then the relationship reduces to

Y

- f°
U
U

=

j
I

which has a linear form.

B° P° +
1 1U

E
u

,

The parameters of this equation are calculated

3
Draper and Smith, ojd . cit., p p . 267-269 .
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using the standard least-squares estimating procedures.

The sum of

squares minimized is represented by

SS (0)

- I

(V

- £ [R

0 ] - j

u**l

B° P° )2

i«l

SS (Q) should not be confused with the usual sum of squares of a fitted
curve which is represented by
n
SS

I

i=l
where Y,
Y^

<Y i - V

.th
the actual i
.th
is the i

value of Y , and

value of Y

estimated by the fitted equation.

The process of convergence is continued by re-evaluation of the param
eters in the following manner:

0

.

L-l

0L + b L

'

The standard least-squares estimating procedures are applicable
since values may be calculated for the expression (Y - f°) and for the
terms P^u at each observational level. These calculations are subject
to theuse of the parameters B° which are arbitrarily set by a best
guess. As in any least-squares
estimation, the criterion that deter
mines the best fitting parameters is the sum of the squared differences
between the observed values (Y - f^) and the calculated values from
the fitted equation is a minimum value. Here it must be remembered
that the parameters estimated in the linearization technique are the er
rors that have resulted in the guess that must be made of the magnitudes
of the parameters that would yield a minimum sum of squares in the non
linear equation being fitted. Therefore, it may be seen that the cri
terion of a minimum sum of squared deviations to determine the best
parameter estimates is satisfied here subject to the definition of the
terms in the equation given.
It should also be noted that where 5 is a
prespecified allowable difference between the actual and estimated val
ue of 0_ such that when 6_ approaches zero the equation fitted by the
linearization technique will be the equation of a least-squares fit as
N
v
o
defined by SS=
(Y^-Y^.
The matrix calculation is ABj, = g,
where A is p|u Piu

and £ is p|u (Yu ~f°).

where jL specifies the iteration number and b
parameter values 3^
mation at the L

til

L

the estimate of the true

obtained by the standard linear least-squares estiiteration.

This process is continued until the dif

ference in successive estimates of the parameters decreases to less
than some prespecified value as indicated by

Gi,(L+l) " 0i,L
where _6_ was some arbitrary prespecified small value.
This technique is simple in its application and is one of the
two techniques that provides the basis for Marquardt's Compromise tech
nique to be discussed later.

However, two disadvantages limit the ap

plication of this technique.

First, no assurance is provided that an

absolute global minimum sum of squared deviations with respect to the
dependent variable will result from its use.

Where local minimi exist,

convergence to an absolute global minimum will depend on the choice of
initial parameter estimates; however, no method of choosing the initial
parameters that will overcome this problem is possible.

If initial esti

mates cause convergence to a local rather than an absolute global mini
mum sum of squared deviations, no way of moving to the absolute global
minimum is provided by this technique."*
assure convergence.

Second, this technique does not

In fact, it is possible that divergence may occur

in an explosive manner or in oscillations.

Even where convergence does

occur, the rate of convergence might be extremely slow and, therefore,
of no practical value.

mation,"

Modifications to the size of the parameter

"*H. 0. Hartley and Aaron Booker, "Nonlinear Least Squares Esti
Annals of Mathematical Statistics, XXVI (1965), p. 638.

adjustments required after each iteration have been proposed that insure
convergence; however, the rate of convergence and multiple minimi remain
problems of this technique.^

The underlying problem is that curtailing

the Taylor expansion at the first derivatives might not adequately rep
resent the function.

Steepest Descent Technique^
The second technique to be discussed is the steepest descent
technique which was first described by A. L. Cauchy in 1847.

Though

many variants of the technique have been proposed, the basic concept
g
has remained unchanged.
An iterative procedure, as in all techniques
developed to date, is necessary to obtain the optimum fit of a func
tion's parameters to a specific data set.
To facilitate the discussion of the steepest descent technique,
two terms will be defined.

First, b-space is an N-dimensional space

where each of the N-dimensions locates the value of one of the b .
_!
parameters.

Second, P^ represents a point on the sum of squares surface

to be minimized in the b-space.
bj

This point P^ is identified by a set of

values which are the parameters of the function being fitted.

The

^Draper and Smith, o£. cit., p . 269.
7

The summary of this technique is based upon the discussion of
an unconstrained function maximization by Owen L. Davies, editor, The
Design and Analysis of Industrial Experiments (New York: Hafner Pu b .
Co., 1954), pp. 502-503. Modifications necessary to enable the tech
nique to be used to minimize the sum of squared deviations is based
upon a presentation by Draper and Smith, o j k cit., pp. 270-272.
g
H. A. Spang, III, "A Review of Minimization Techniques for
Nonlinear Functions," SIAM Review, IV (October, 1962), pp. 346-347.

sum of squared deviations of the observed data points from the estimated
values of the function being fitted is the value of the sum of squares
surface upon which the point P^ is located.
The technique consists of fitting tangent planes or hyperplanes
at a point P_ away from the minimum on the surface of the function to be
minimized.

Movement toward the minimum value of the function is then

achieved by going along a vector which is defined by the negative of
the slope values of the fitted plane.

This direction, at right angles

to the contour lines, is then the path which shows the greatest decrease
in the value of the function.

Here the function minimized is

n
SS = I
i=i

(Y

- 9
- Y.)
1
1

,

where the terms are as previously defined for the linearization tech
nique.

The plane or hyperplane fitted to the contour curves is based

upon a set of trial points calculated in the sub-region of the point P^.
This technique assures that a continual decrease in the sum of squares
will be realized in subsequent iterations when incremental moves are
specified sufficiently small so that the point where the minimum sum
of squares of the function is located is not overshot.

Also, this

technique is one of the two techniques that provides the basis for Marquardt's Compromise that is the next technique discussed.
Several difficulties in the application of the steepest descent
technique exist.

A generally slow convergence may occur.

This is

particularly true when the plane or hyperplane constructed is not rep
resentative of the slopes at the point P_.

The method may not achieve

the desired results where a function has local optimi as in the case
of linearization.

Also, near convergence the slopes of the function

are generally more difficult to estimate causing the technique to defeat
itself.

The fact that the increment of change is specified by the user

for movement to the minimum point is the last difficulty that causes this
technique to be less than satisfactory for many applications.

Choice of

the correct increment size, however, is necessary to permit convergence
at a sufficiently rapid rate for practicality while at the same time
being sure the rate is not too rapid.

An excessively large rate re

sults in overshooting the minimum value and causes oscillations or mag
nifications of the sum of squares as a result of incorrect specification
of the path vector.

Marquardt noted an additional disadvantage of

gradient techniques of which the steepest descent technique is a member.
He said, " . . .
invariant.

the properties of the gradient methods are not scale

It becomes necessary then to scale the b-space in some con9

venient manner."

Marquardt *s Compromise
The third technique to be discussed is Marquardt's Compromise.
Marquardt has noted that a discrepancy often exists between the direc
tion of movement in approaching the minimum value of the sum of squares
function when the linearization and steepest descent techniques are em
ployed.

Defining the term

as the sum of squared deviations of the

actual Y values less the corresponding value calculated from the fitted
equation, he has stated that, " . . .

any proper method must result in

9
Donald W. Marquardt, "An Algorithm for Least-Squares Estima
tion of Nonlinear Parameters," Society for Industrial and Applied
Mathematics, XI (June, 1963), p. 436.

a correction vector whose direction is within 90° of the negative gra
dient of $.

Otherwise, the values of $ can be expected to be larger

rather than smaller at points along the correction vector.11"^

Having

monitored this angle for a variety of problems, Marquardt did find the
angle to be in this range; in fact, he found that the usual angle falls
in the range between 80 and 90 degrees from the negative gradient. ^
In the development of a compromise between the linearization and
steepest descent techniques, Marquardt

12

recommends that a linear trans

formation of the b-space be performed in order to overcome the scale
invariance of the steepest

descent technique.

The basic form of the algorithm for the compromise technique is

( a * < « + * (1 >
for the i

tlx

= g* « >

iteration, where I_ is an identity matrix.

technique uses the scaled matrix A _

Here Marquardt's

and scaled vector jg_

these values is the linear transformation mentioned above).

(scaling of
This sca

ling is accomplished in units of the standard deviations of the deriva9f.
— ^ taken over the data points. The estimated values of bT at
3b.
J±
l
each iteration are used for this evaluation due to the fact that the
tives

values of the derivatives depend on the values of bT .
Li

The relationships

used for this scaling are

/ * J)
x = (
, --------------aLL"
) ,
and
A** = (aTT
LL
/------------■
-------------- .....
ll

10Ibid., pp. 433-434.
1:LIbid., p. 434.
12Ibid., pp. 436-437.

/V t

90

g

where I e q u a l s

(g^

from one to j[ but I i s

not equal to

.

The X_ of the basic algorithm form is a Lagrange multiplier
whose value is arbitrarily chosen in a positive range.
The solution for S_ is determined and the linear transforma
tion of this vector is obtained by

5l ■ 6

The vector 6^

i ’
r h £

is then used to estimate the values of b^

in the next

iteration according to
h (i+i) . b i + si

.

Further iterations are undertaken until §_

is less than some prespeci

fied small value.
In practice, X_ is chosen such that each iteration reduces the
sum of squares of the dependent variable; however, this may be assured
only by trial and error.
a value of X.

No method was presented that can assure that

could be chosen that maximizes the rate of convergence.

It may be seen that although large values of X_ assure near gradient
vector correction, they result in relatively small incremental improve
ment in the sum of squares.

Small values of _X_ lead to correction vec

tors near the values given by the linearization technique and offer the
same hazards.

Ideally the technique should have large values of X_ at

points distant from the minimum sum of squares to take advantage of the
rapid convergence of the gradient method in this range.

When conver-

gence is approached, smaller values of

should be chosen to enable the

user to obtain the merits of the linearization techique in this range.
This technique has been used to fit the parameters of a wide
variety of nonlinear equations and overcomes most of the disadvantages
of the previous methods discussed.

The versatility of this technique

assures that each iteration accomplished will reduce the sum of squares
until a minimum of the sum of squares of the function is obtained in
the region investigated.

The technique provides for the selection of

the size of the moves to be such that the convergence will be accom
plished without overshooting the minimum sum of squared deviations and
such that the rate of convergence will be maintained as the estimates
of the parameters near those of the optimal fit.

However, this tech

nique should not be considered a panacea in fitting all nonlinear equa
tion parameters.
Two difficulties exist with this technique.

First, no provi

sion is made to distinguish between local minimi and the absolute
global minimum of the sum of squared deviations.

Second, the choice

of the initial b^ vector estimate can affect the convergence to an op
timum fit.

There may exist an interrelationship between the parameters

such that the effect of a change in one parameter on the Siam of squared
deviations of the dependent variable is partially offset by a change
in the related parameter.

This interrelationship is known as the corre

lation between the parameters.

Where correlations between the param

eter estimates are very high (>.99), intermediate iterations may ex
hibit a singular matrix thus preventing a convergence.

Direct Search Technique
The fourth, and last, technique that will be discussed is the
"Direct Search" technique proposed by R. Hooke and T. A. Jeeves.

13

This relatively simple approach removes some of the limitations faced
by the practitioner in the application of the other techniques avail
able.

The concept of "Direct Search" allows for the initial choice

of parameters which locates a point P^ on the sum of squares response
surface.

A univariant search at a small arbitrary distance li

this point

about

is then undertaken to determine the appropriate direc

tion of change that will accomplish the greatest reduction in the sum
of squares.

Here the sum of squares is defined by

SS

=

^
I
i=l

A
(Y

O

- Y .)

where the terms are defined as they were previously for the lineariza
tion technique.

A move from the initial point P^ is then made in the

direction of the greatest reduction in the sum of squares.

The magni

tude of the move is at first arbitrarily set and at later iterations
depends on the size of previous moves and their accompanying reductions
in the sum of squares.

Once a move has been undertaken, the univariant

investigation procedure is repeated.

Where the univariant analysis

shows no decrease in the sum of squares, the value of ti

can be reduced

and procedure continued until the value of li becomes less than some
prespecified value.

13

Spant, ££. cit., p. 351.

14Ibid., pp. 351-353.

93
Van Wormer and Weiss have stated, "The power of direct search
rests (1) in its built in strategy for deciding where on the response
surface to search next for improvements, and (2) the speed of data
processing equipment u s e d . " ^
ist.

Limitations of this technique also ex

Again this technique does not guarantee convergence to an abso

lute global minimum where local optimi are present and the direct search
technique requires the use of a high speed computer for efficient ap
plication.^
An extension of the direct search technique, however, can be
made that will overcome the problem of local optimi of the fitted func
tion.

This extension requires the construction of a grid of parameter

values constructed in a factorial design that covers the b-space of
c o n c e r n . T h e sum of squares is then calculated for each point of
the grid to arrive at an initial estimate of the parameters.

This pro

cedure provides some knowledge as to the form of the sum of squares

Theodore A. Van Wormer and Doyle L. Weiss, "Fitting Param
eters to Complex Models by Direct Search," Journal of Marketing Re
search, VII (November, 1970), p. 504.
16Ibid., p. 511.
"^In this study the word factorial is used in the statistical
sense. Where two parameters A and ]3 are considered at each of three
levels designated by subscripts, the factorial design is represented by
A1 V

Ai

b2,

A2 Bl» A2 V
A 3 Br

A3 V

A 1 B3 ’
A2

b3,

A 3 B3*

surface and evidence of the existence of multiple minimi if they ex-

Some Mathematical Properties of Concern
Certain additional points concerning estimated nonlinear re
sponse functions are of interest.

Where the error terms are shown to

be independent normal variates having a mean of zero and a variance of
2
a_

, the least-squares estimators are identical to maximum likelihood

estimators.

Wald

19

found that under very general continuity conditions

which led to parameter estimates at an absolute maximum of the likeli
hood would yield consistent estimates of the true parameters.
in conjunction with work done by Cramer,

20

This,

indicates the estimators to

be fully efficient.
Hartley and Booker

21

have clarified that these asymptotic op

timality properties only apply where the absolute global minimum of the
function is estimated.

Such conditions are generally considered im

practical to prove, thereby making these properties theoretically in
teresting, but of little practical value in making statements about the
parameters estimated in a specific case.

18
19
Estimate,"

Draper and Smith,

o jd .

cit., p. 274.

A. Wald, "A Note on the Consistency of the Maximum Likelihood
Annals of Mathematical Statistics, XX (1949), p. 595.

20

Harold Cramer, Mathematical Methods of Statistics (Princeton,
N. J.: Princeton University Press, 1946), p. 500.

21
Hartley and Booker, ££. cit., pp. 638-639.

The usual tests applied to the linear model are not appropriate
to the case where the model is nonlinear.

Even where the correct non

linear model is specified, dividing the unexplained variation by the
appropriate degrees of freedom results in a biased estimate of Sigma
squared thereby making most tests based upon this estimate of Sigma
squared invalid.

The F-test is one test that can be helpful as an ap

proximate test to determine which parameters should be included in a
model.

No meaningful stated level of significance can be given for such

a test since in any strict sense the use of an F-test for regression in
nonlinear regression models is invalid.

22

The adjusted coefficient of determination can be measured by

R2

= 1 - (1-R2)

n_1
n-j-1

where n^ = the number of data points for the dependent variable,
j_ = the number of estimated parameters,

ft
I
R2 = 1 -

~2
Here R_

and

/N 9
t t i - v

— ---------^
A I)
1
(Y - Y .)
i=l
1

indicates the fraction of variation of the regression which

is explained by the sample regression function.

The adjusted coeffici

ent of multiple determination is taken to be preferable in choosing between functions of varying numbers of estimated parameters.

22
23

23

Draper and Smith, ££. cit., p. 282.

Arthur S. Goldberger, Topics in Regression Analysis (New York:
Macmillan Company, 1968), p. 130.

Choice of the Curve Fitting
Techniques for This Study

Choice of the Techniques
Various alternative curve fitting techniques for nonlinear equa
tions have been reviewed in order to develop a procedure that is suited
to fitting the equation forms of the model of this study.

Two factors

of importance that give a basis for a choice are considered.

First, a

high speed computer is available to perform the required calculations.
Second, due to the form of the model, a high degree of correlation is
expected to exist between certain of the parameters.

A particularly

high correlation is expected between the parameters a_ and b_.

24

With these factors in mind, the direct search technique modi
fied to include a grid search to determine the initial parameter esti
mates is chosen to estimate the parameters of the model of this study.
The Marquardt technique, which is the second best alternative, pre
sents serious deficiencies where high correlations exist between param
eters to be estimated.

The direct search technique best assures that

a converged equation will result in this study given the mathematical
form of the model.

Due to the extremely complicated form of this

model, no other technique seems to give such assurance.

The parameters a_ and b_ have been defined together as the
response factor of the model which has the form
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Fitting the Response Function
Once the direct search technique with the modification to in
clude a grid search for the initial parameter estimates was chosen, the
exact procedures by which this technique is to be applied had to be
developed.

The procedure to be used consists of first formulating a

grid of the parameters of the model that may be used to locate initial
estimates of the parameters for a direct search that will yield a
minimum sum of squares response function.

The sum of squares here is

defined as
n
SS = I
i=l

(Y

'•l
- Y.)

,

where terms are as previously defined for the linearization technique.
The grid to be used to obtain the initial parameter estimates
is established at five levels of each parameter in a factorial manner.
The range over which each parameter is investigated constitutes the
reasonable range of each parameter with the levels evenly spaced.

Each

point of the grid is then evaluated to ascertain the sum of squares of
the fitted equation at that point.

Initial values of the parameters

are chosen to be the grid values which result in the least sum of
squares among the grid points.

This procedure is followed to make

initial parameter estimates for each equation considered in the study.
Each equation to be investigated has three common parameters,
a., b^ and c_.

All possible combinations of the remaining four parameters,

d, £, £, and jr,

are included in separate equations.

Once the initial parameter estimates have been made for each
equation to be considered, a direct search iterative process is begun.

Based on information gained as to the effect of changes in the param
eters, a value of h.
d

is chosen to perform a localized investigation

about each initial j*'*1

parameter value.

A series of moves in the direc

tion of change that reduce the sum of squares is undertaken in incre
ments of size h ^
squares.

until a move accomplishes no reduction in the sum of

Then the size of the h. value for that parameter's investiga-

tion is reduced to one-tenth of the previous value and the process is
continued until subsequent, changes in the h.

value affects no change

in the sum of squared deviations or each of the parameter values is
estimated to the nearest value having three decimal places, with the
exception that the parameter c/ is estimated to the nearest whole num
ber value unless otherwise specified.
The termination of this technique is set by strictly arbitrary
conditions

fixed by the user.

Therefore, this technique is subject to

some criticism as is each technique used in fitting nonlinear equations.
The termination criteria, though arbitrary by necessity, should be set
using reasonable values.

The criteria chosen are reasonable for the

model of this study.
After each least-squares equation is calculated, it is necessary
to establish which parameters significantly improve the estimation of
the independent variable.
tion.

~2
The values of R.

Two methods are used to make this determinaare calculated and the equation having the

highest value for each equation of a different number of parameters is
chosen to best represent that group of equations.

~2
Where R

is reduced

when an increased number of parameters are included or where the estima
ted parameters are outside the range which has been stated to be reason-

able, the equations are deleted from consideration.

The second test

for significance of parameters is the F-test which is used to determine
where the additional variables significantly improve the fit of the
equation to the data.

As stated previously this test is not valid in a

strict mathematical sense and is used only in an approximate manner.
~2
criteria for the consideration of an equation will be that the R

The

value

shows an increase by the inclusion of a variable and that the F-value is
significant at the five percent level of significance.

The F-test

25

is

accomplished by estimating the variance of the regression with the param
eter being tested omitted and also with this parameter included using
the approximate relationship
2
O

SS
—

•

i

•

n-J-l

The F-ratio is then calculated as the ratio of the variance estimated
with the parameter omitted to the estimated variance where the param
eter is included.

This F-ratio is then compared to the critical F-ratio

at a five percent level of significance.

However, due to the approxi

mate nature of this test, the level of significance has no specific
meaning, but it can be viewed as a relative measure of the significance
of the variables included.

The fitted equations are designated by

groups according to the number of parameters included.

The first group

fitted consists of the single equation containing the minimum of three

25

The F-test here is a partial F-test comparable to the test
used to determine significant parameters in multiple linear regression.
One difference does exist.
In testing the nonlinear parameter, the
least variance of any of the previous equations fitted is used as the
numerator of the F-ratio.

parameters.

Then the next group including four parameters is fitted

and the procedure is continued until the last group containing seven
parameters is fitted or an equation group has been fitted that has no
model that satisfies the criteria for inclusion of an additional param
eter.

Once a group has been fitted that has no equation that meets

these criteria for inclusion of an additional parameter, the fitting
process of subsequent groups will be discontinued, and the best equa
tion based on the criteria specified will be selected as the response
function.

Chapter V

APPLICATIONS OF THE MODEL AND
METHODOLOGY TO SELECTED FIRMS
This chapter presents demonstrations of the application of the
model and methodology developed in the previous chapters.

The adver

tising expenditures of the Lydia Pinkham Medicine Company and those of
three brands of cigarettes are analyzed over a span of years.^
demonstrations illustrate how the methodology can be used.
ter is divided into two parts:

2

These

The chap

a history of the products to be investi

gated, and a discussion of the findings of the empirical study.

Background Information on
the Selected Firms and
Their Industries
Selection of the Industries and Firms to Be Studied
It is important that the industries and firms that are selected
for the analysis of advertising expenditures operate in such a way as
to substantially fulfill the assumptions upon which the model is based.
The Lydia Pinkham Medicine Company and the firms within the cigarette
industry satisfy these assumptions reasonably well.
The Lydia Pinkham Medicine Company has been chosen as an example
of the application of the model and methodology of this study for a

^Each. product is distributed on a national scale.
2

These demonstrations are necessarily hypothetical for reasons
that will be discussed fully later in this chapter.
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variety of reasons.

First, unlike most firms, the company has made

available the data necessary for such a study over a considerable timespan.

Second, the firm used advertising as its main promotion tool

during the entire time-span covered by the data.

Third, the product

had no close substitutes thus the firm operated as a monopoly.

Fourth,

and finally, the firm's product conforms closely to the constraints
placed upon the product for which the model would be applicable.
Firms of the cigarette industry are chosen as a second example
of the application of the methodology for several reasons.
necessary data for such a study is readily available.

First, the

Second, firms

of the cigarette industry used advertising as the major element in
their promotion efforts.

Third, few price changes were made that would

obscure the effects of advertising on sales.

Fourth, the product con

forms closely to the constraints placed on the product for which the
model would be applicable.

Fifth, and finally, the industry was char

acterized as an oligopoly.

The Lydia Pinkham Medicine Company History

3

The Lydia Pinkham Medicine Company was established for the com
mercial sale of Lydia Pinkham Vegetable Compound in 1873.

Prior to

this time the medicine was brewed and prepared by the company's, founder
as a home remedy for either menopausal malaise or menstrual pain, and
its use was limited to Lydia Pinkham's friends.
Twelve years after the first commercial sale of the product,
the annual sales of the Compound had grown to $500,000.

3
Palda, 0 £. c i t ., pp. 19-27.

At this time

the profits of the firm were being reinvested into advertising cam
paigns to make the product known nationally.

Claims for the medicine

were expanded during these twelve years to include claims of such
varied benefits as being a sure cure for tumors, kidney ailments, head
aches and other illnesses.
At the turn of the century the sales reached a peak of $1.5
million annually.

The firm's sales then started to decline despite an

advertising expenditure which exceeded 60 percent of the sales revenue.
The decline continued until 1909 when sales again began to rise.
The first of a series of interventions by the Federal Govern
ment into the firm's operations occurred in 1914.

Threats by the In

ternal Revenue Department to tax the product as an alcoholic beverage
resulted in increasing the solid content of the liquid product while
reducing the alcoholic content by about three percent to fifteen per
cent.

At the same time the Food and Drug Administration required false

and misleading information on labels, wrappers, and inserts to be
changed thus sharply reducing claims of the product's curative powers.
The advertising copy was also toned down at this time.
Sales continued to grow until 1925, at which time the Food and
Drug Administration required that the Compound's label and advertising
copy recommend it only as a vegetable tonic.
time.

Sales declined at this

In 1938, the Federal Trade Commission further restricted the

copy claims for the product.

In contesting these restrictions with the

aid of medical consultants, the company was able to demonstrate that
active herbal ingredients contained estrogenic substances as well as
uterine stimulants and sedatives.

In 1941, the company was again per

mitted to write copy stronger than any permitted since the ruling of

1925.

The company has since this ruling been able to advertise its

products as being for the "relief of symptoms associated with and
caused by menstrual aberration and by menopauses."
Over the entire span for which data are available, the firm
has produced a product in liquid and tablet forms which has no close
substitute.

Therefore, being a single firm industry, the advertising

of the firm had the purpose of increasing the industry demand for the
product.

The company also has maintained no salesmen, using adver

tising as the principle means of marketing its product.

The other cus

tomary tools for marketing a product such as changes in the package,
credit, point of purchase efforts, special offerings, etc., were not
used by the firm during this period.

Firms of the Cigarette. Industry

4

The origin of the m o d e m tobacco industry dates to the disso
lution of the Tobacco Trust in 1911.

At that time the Tobacco Trust

was producing 86 percent of the nation's cigarettes.

The consent de

cree provided for the formation of three cigarette producing firms:
American Tobacco, Liggett and Myers, and P. Lorillard.

The R. J.

Reynolds Company, another successor company, received no cigarette
business in the action.

Therefore, in 1913, the Reynolds Company

entered the market with a new brand of cigarettes, Camel, which met
with a high degree of success.

This caused the American Tobacco Com

pany to enter the competitive Lucky Strike brand in 1917.

The Chester

field brand was placed on the market by the Liggett and Meyers Company.

^Telser, "Advertising and Cigarettes," pp. 471-473.

From 1917 until 1953, the Camel and Lucky Strike brands re
mained the sales leaders in the industry.

With the inclusion of the

sales of Liggett and Myers, the sales of the three firms accounted for
the predominant share of the market until 1946, ranging as high as 86
percent of the industry sales.

After this time several other companies

became important manufacturers of cigarettes
During the thirties an important challenge to the supremacy
of the largest manufacturers of cigarettes was launched by the produc
ers of what was known as the ten-cent brands.

These were the depres

sion years and increases in the prices of standard brands of 1931
seemed to give a foothold to the firms producing the lower price ciga
rettes .

The market share for the group of ten-cent brands increased

from a zero level at the start of 1931 to a 23 percent share in late
1932.

Though declining after this time, the ten-cent brands did not

disappear from the market until 1946.
Infrequent price changes have been made by the leading firms
in the industry since 1923.

When price changes for the major brands

were made, they were simultaneous among firms and almost identical in
magnitude.

Data for the Study
The data used in this study are presented in the Appendices
of this study.

Sales and advertising expenditure data for the Lydia

Pinkham Medicine Company over the period of 1907 through 1957 are pre
sented in Appendix A; sales and advertising expenditure data for the
cigarette industry and for the Camel, Chesterfield, and Lucky Strike
brands over the period of 1929 through 1939 in Appendix B; market share

data and multiples of firm advertising that constitute industry adver
tising expenditures in Appendix C; the consumer price indices in Ap
pendix D; population statistics in Appendix E; gross national product
per capita data in Appendix F; average prices per unit for the Lydia
Pinkham medicine in Appendix G; and average price and manufacturing
cost data for the three brands of cigarettes in Appendix H.^

The data

included in the Appendices are those data that were determined to be
relevant to the empirical studies.

Assumptions and the Model to Apply the Methodology
Due to the lack of production cost data for each of the prod
ucts to be studied, assumptions are made.

Also, in the case of the

cigarette industry, assumptions must be made about the member firms in
the industry as to how they react to changes in the level of advertis
ing by one of the industry members.
In the case of the Lydia Pinkham Medicine Company, it is as
sumed that the production costs for the medicine are a constant 10 per
cent of the selling price.

This assumption implies that no economies

In Appendix E the population relative (population of a
given year divided by a base year's population) of females 14 through
54 years of age is presented. This statistic represents the relative
of the population sector which potentially may be expected to purchase
the Lydia Pinkham medicine. Also in Appendix E is a similar statis
tic which applies to the potential cigarette purchasing population.
Here all persons over the age of 13 years are included.
^Data in the Appendices pertinent to the Lydia Pinkham medi
cine is presented for the years 1907 through 1957. Data pertinent to
the cigarette industry is presented for the years 1929 through 1939.

or dis-economies of scale exist.

With respect to the investigation of

cigarette brands, three assumptions are made.

First, the production

costs for each firm are assumed to be constant at all levels of produc
tion and are assumed to equal to the production cost for the Lucky
Strike brand.

Second, in a multiple firm industry, a change in the

level of advertising by one firm will be met by the remaining firms of
the industry to the extent that the percentages of the total industry
advertising expenditure for each firm will remain constant.

Third, and

finally, the result of a change in the level of advertising by the in
dustry does not affect the market shares of the firms of the industry.
Given these assumptions and by using the industry response
function, the advertising expenditures of a firm can be evaluated to
allow for the effects of competition within the industry.

The specific

industry model (the response function is one of the equation forms) is
g Xt-1

. X t.

(~f

"
r t ^ , {b
Y t = p t w t d c ta
where pt
time J:,

t-1

t

w

represents the relative of the gross national product per
clrepresents yearly

trend in sales,

base level of saturation sales in units,
sponse factor,

a and b^

o' is the

combined are the re

is the portion of the previous period's advertising

that has a current effect, x fc
ffc

}.
]

represents the relative of the potential market population at

capita at time _t,

Jt,

t

+ 7-) q

is the advertising expenditure in time

is the consumer price index in time _t,

in advertising effectiveness.

and

is yearly trend

Some Additional Considerations in Analyzing Sales and
Advertising Data of the Selected Firms
The first step in analyzing advertising expenditures for a
firm is to fit the model to the available data for the industry.^

In

the case of the Lydia Pinkham Medicine Company the firm is a monopoly
since no close substitute exists for its product.
The model developed is fitted to the advertising and sales
data of the industry of concern allowing for a single year lagged ad
vertising effect and allowing a number of years of data that are not
used in fitting the model to evaluate the predictive characteristic
of the response function.

When data are limited to an extent that

present problems in adequately fitting the model, the evaluation of
the predictive characteristics will be reduced or eliminated.

The

model is fitted in its various equation forms in order of an increas
ing number of parameters.
parameters _a,

Id,

and cL.

Each equation fitted includes three common
All combinations of the four remaining param

eters of the specific model are included in separate equation forms.
All equations of a given number of parameters are fitted before any
equation of a greater number of parameters is fitted.

The procedure

is terminated whenever a group of equations containing all possible com
binations of a given number of parameters has no equation that shows an
improvement in the adjusted coefficient of multiple determination and
satisfies the approximate F-test at the five percent level of signifi
cance.

However, a termination of the procedure will not be permitted

7

The equations of the model were fitted to the data using an
original Fortran computer program.
Calculations were carried out in
double precision.
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prior to the consideration of each of the parameters in at least one
equation.
In fitting the specific model to the data of the Lydia Pink
ham Medicine Company, a modification is desirable to provide that the
model yields dollars of sales rather than units of sales.

Both the left

and right hand sides of the model are multiplied by the selling price of
the product.

The modification presents no change in the model; however,

it does allow for a more reasonable comparison to previous studies.

A

change in the termination criterion for the c_' parameter is made that
will require that the parameter be estimated to two decimal places in
order that it will be equivalent to the price of the product which is
expressed in similar units.

As explained previously the termination

criteria are arbitrary.

Analysis of the Advertising Data of Selected Pirms

The Lydia Pinkham Medicine Company
The first step in analyzing the advertising data of the Lydia
Pinkham Medicine Company was to fit equation forms of the specific model
to the data for the years 1908 through 1950. The five models of the
g
first two equation groups were fitted.
None of the equations fitted

g
The equations fitted included all the equations of Group I
and Group II for which the parameters ar e :
Group I
a, b^, and c/ ,
Group II
a., b^,c/' and ci,or
a., b_,c' and _g, or
a,
b^,o' and q_, or
a., b^,c_' and r_.
The value of _t is zero for the year 1906.

yielded an F-ratio indicating a significant decrease in the estimate
9

of the population variance.
Table 2.

These results are shown in Table 1 and

In view of the study undertaken by P a l d a , ^ these results

were not unexpected.

Palda noted that the effect of governmental ac

tions against the Lydia Pinkham Medicine Company had changed the ef
fectiveness of its advertising copy.

It is, therefore, reasonable to

analyze a subset of the data during which time the government policy
toward the company remained constant rather than analyze the entire
available data.
A review of the company's history revealed that the period
inclusive of the years 1941 through 1956 was characterized by such a
consistent governmental policy.

Therefore, this period was selected

to demonstrate the use of the methodology in analyzing advertising
expenditure data.

Application of the methodology consisted of sever

al steps.
First, the model was fitted to the advertising and sales
data of the selected period chosen as the subset of the available data
Five equations were f i t t e d . T h e

estimated parameter values and the

sum of squares of each equation fitted are presented in Table 3.

The

coefficients of multiple determination, both unadjusted and adjusted

Q
The 5 percent level of significance was used in an approxi
mate F-test.
^ P a l d a , op,, cit., pp. 19-27.
■^The equations fitted include the same parameters as those
previously fitted (equations of Group I and Group II). The advertis
ing expenditure for 1940 was used in fitting the equations that in
clude a lagged sales effect of advertising, and

TABLE 1
PARAMETER ESTIMATES AND SUM OF SQUARED
DEVIATIONS FOR THE MODEL USING THE
LYDIA PINKHAM MEDICINE COMPANY
DATA FOR THE YEARS 1907 - 1950

Parameters

a

b

c'

0.123

0.951

394.65

0.162
0.122
0.132
0.099

0.956
0.951
0.949
0.934

475.99
387.52
491.50
303.16

d

g

q

r

Sum of Squares

Group I
a,b ,c'

11,581,632

Group II
a jb jC ,d
a,b ,c",g
a,b,c",q
a,b,c',r

0.991
0.030
0.984
0.165

10,205,049
11,577,061
10,133,063
10,826,315
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TABLE 2
COEFFICIENT OF MULTIPLE DETERMINATION, UNADJUSTED AND ADJUSTED
FOR DEGREES OF FREEDOM, AND AN F-RATIO FOR EACH EQUATION
USING THE LYDIA PINKHAM MEDICINE COMPANY
DATA FOR THE YEARS 1907 - 1950

Parameters

R2

R2

F

Group I
a,b,c"

0.427

0.384

1.55

0.495
0.428
0.499
0.465

0.443
0.369
0.448
0.410

1.11
0.98
1.12
1.04

Group II
a,b,c ,d
a,b,c%g
a,b,c',q
a,b ,c' ,r

TABLE 3
PARAMETER ESTIMATES AND SUM OF SQUARED
DEVIATIONS FOR THE MODEL USING THE
LYDIA PINKHAM MEDICINE COMPANY
DATA FOR THE YEARS 1941 - 1956

Parameters

a

b

c'

0.090

0.936

379.29

0.065
0.089
0.068
0.050

0.927
0.941
0.931
0.928

363.37
332.92
378.60
291.91

d

g

q

r

Sum of Squares

Group I
a,b ,c'

249,710

Group II
cljl) } C

jCl

a,b ,c',g
a ,b,c ,q
a,b ,c",r

1.009
0.272
1.009
0.275

238,974
190,059
237,541
163,570

i-1

l.t

for the degrees of freedom, and F-ratios for each equation fitted are
presented in Table 4.

The equation form of the model selected in ac

cordance with the criteria for selecting the best equation is the sin
gle equation of Group I which includes the parameters a_, b^, and £
is, therefore, chosen to be the response function.

and

This is the only

equation fitted that satisfies the criteria of an acceptable fit.

Both

an increase in the percentage of explained variation of the data and
a significant F-ratio are present.

The percent of explained variation,

after adjustment is allowed for the degrees of freedom, is 81.9 percent
and the F-ratio is 5.59.

The critical F-ratio at the five percent

level of significance is 2.64, which though only being an approximate
test in this study indicates that the model is viable.
function has a Durbin-Watson statistic of 1.02.

The response

This value is incon

clusive as to indicating the presence of serial correlation at the five
percent level of significance.

The remaining unexplained variation is

assumed to be random with respect to the level of advertising.
The selected equation for the response function has the form
Xt
Zt Y t
where z^.

=t P t c

, r

[a

(b ft}

]

»

is the price per unit of the medicine in the period jt.

The

remaining terms have been defined at the beginning of this chapter.

the data for the single year, 1957, was provided to give at least a
minimal indication of the predictive characteristics of the response
function. The decision to include only a single year's data to evalu
ate the predictive ability of the response function represents a trade
off of reducing the degrees of freedom against a more complete evalu
ation of the predictive ability of the response function.

The response function with the estimated parameters included that
yields dollars of sales can be written as
ft
yt
A

=

Zt Pt 37 9 *29 [°-°90 {0,936 t }
'

where y

]

,

LP1

represents the estimated dollar sales in year jt.

12

Values of

sales and estimated sales generated by use of the response function
(LP1) are presented in Table 5 and a plot of these values is shown in
Figure 4.
In order to provide at least a minimal indication of the pre
dictive ability of the response function, a comparison was made of the
error resulting from a prediction of the 1957 sales and the average
error resulting in the years for which the data was fitted.
of approximately $75,000 resulted in the prediction for 1957.

An error
This

error compared favorably to the average error of $95,000 for the esti
mated sales of the years 1941 through 1956.

This cannot be construed

as an indication that the response function has good predictive abili
ty, but conversely, this does not indicate a poor predictive ability.
The second step in analyzing the advertising and sales data
of the Lydia Pinkham Medicine Company was to use the response function
to generate marginal cost curves for the years 1941 through 1957.

The

marginal costs at specific levels of advertising were generated by

y
—

Advertising, x^., is in hundreds of thousands of dollars and
is in thousands of —
dollars. The value of _t is zero for the
year 1939.
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TABLE 4
COEFFICIENT OF MULTIPLE DETERMINATION, UNADJUSTED AND ADJUSTED
FOR DEGREES OF FREEDOM, AND AN F-RATIO FOR EACH EQUATION
USING THE LYDIA PINKHAM MEDICINE COMPANY
DATA FOR THE YEARS 1941 - 1956

P4

CM

Parameters

R2

F

Group I
a,b,c"

0.855

0.819

5.59

0.861
0.890
0.862
0.905

0.811
0.850
0.812
0.872

0.97
1.21
0.98
1.41

Group II
a,b,c",d
a >b >c'>g
a ,b,c ,q
a,b ,c',r
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TABLE 5
ACTUAL AND ESTIMATED SALES OF THE LYDIA
PINKHAM MEDICINE COMPANY:
1941 - 1957

Year

Actual Sales3
($ 000)

Estimated Sales*3
($ 000)

1941
1942
1943
1944
1945

2161
2336
2602
2518
2637

2461
2378
2558
2376
2422

1946
1947
1948
1949
1950

2177
1920
1910
1984
1787

2109
1800
1998
2022
2003

1951
1952
1953
1954
1955

1689
1866
1896
1684
1633

1608
1820
1877
1651
1630

1956
1957

1657
1569

1725
1644

a - Source:

Palda, oja. cit., p. 23.

b - Sales are estimated using the response function LP1,
page 115.

FIGURE 4
ACTUAL AND ESTIMATED SALES OF THE LYDIA
PINKHAM MEDICINE COMPANY:
1941 - 1957
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the use of the expression

MC.
C
where MCt

=

C

+
C

~ AYfc

is

the marginal cost per unit of the medicine in period t^ ,

Ct

is

the production cost per unit of the medicine in period _t ,

][

is the firm's incremental increase in advertising expen
diture of $100,0 0 0 , and

A

AYfc is the change in the level of sales units resulting from
the incremental increase in the advertising expenditure in
period t^.
This difference in sales is calculated as the
difference between sales before the incremental increase
and sales after the increase.
The unit consists of one dozen bottles of the liquid medicine or the
equivalent in tablet form.

Marginal cost values for each year of the

period 1941 through 1957 at selected levels of advertising expenditure
are presented in Table 6 .
The third and final step was to determine the optimal level
of advertising subject to the assumptions previously made.

This op

timal advertising expenditure is that level of advertising expenditure
which equates the marginal cost of the product to the marginal revenue
of the product.

The actual levels of advertising expenditure and the

optimal levels of advertising expenditure, as well as the corresponding
sales figures, are presented in Table 7 and a graph of these values is
shown in Figure 5.
The optimal levels of advertising expenditure estimated de
pend greatly on the assumptions that were made as to the magnitude and
constant nature of the production cost of a unit of the medicine dur
ing a given year.

Any change in this cost has the effect of directly

changing the marginal cost of the product by the amount of the change
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TABLE 6
HYPOTHETICAL MARGINAL COSTS AND MARGINAL REVENUES AT
VARIOUS ADVERTISING EXPENDITURE LEVELS FOR THE
LYDIA PINKHAM MEDICINE COMPANY: 1941 - 1957

Year

Advertising
Expenditure
Level
($ 000)

Marginal
Cost3
($/unit)

Marginal
Revenue*5
($/unit)

1941

100
500
1000
1500
2000
3000
4000
5000
5200
5300
5400

1.76
1.54
1.47
1.52
1.65
2.30
3.99
8.26
9.71
10.53
11.44

10.00

1942

100
500
1000
1500
2000
3000
4000
5000
5500
5600
5700

1.80
1.58
1.50
1.54
1.65
2.19
3.54
6.75
9.77
10.55
11.40

10.00

1943

100
500
1000
1500
2000
3000
4000
5000
5600
5700
5800

1.82
1.59
1.51
1.54
1.64
2.15
3.37
6.25
9.57
10.31
11.11

10.00
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TABLE 6

HYPOTHETICAL MARGINAL COSTS AND MARGINAL REVENUES AT
VARIOUS ADVERTISING EXPENDITURE LEVELS FOR THE
LYDIA PINKHAM MEDICINE COMPANY:
1941 - 1957
(Continued)

Year

Advertising
Expenditure
Level
($ 000)

Marginal
Gosta
($/unit)

MarginajL
Revenue
($/unit)

1944

100
500
1000
1500
2000
3000
4000
5000
5800
5900
6000

1.85
1.62
1.53
1.55
1.64
2.10
3.19
5.67
9.75
10.47
11.25

10.00

1945

100
500
1000
1500
2000
3000
4000
5000
5900
6000
6100

1.86
1.63
1.54
1.55
1.64
2.07
3.08
5.35
9.67
10.37
11.12

10.00

1946

100
500
1000
1500
2000
3000
4000
5000
6000
6100
6200

1.90
1.66
1.56
1.57
1.65
2.03
2.93
4.87
9.03
9.64
10.31

10.00

122

TABLE 6
HYPOTHETICAL MARGINAL COSTS AND MARGINAL REVENUES AT
VARIOUS ADVERTISING EXPENDITURE LEVELS FOR THE
LYDIA PINKHAM MEDICINE COMPANY:
1941 - 1957
(Continued)

Year

Advertising
Expenditure
Level
($ 000)

Marginal
Cost3
($/unit)

Marginajl
Revenue
($/unit)

1947

100
500
1000
1500
2000
3000
4000
5000
6000
6700
6800
6900

1.98
1.75
1.65
1.64
1.69
1.98
2.64
3.98
6.69
10.08
10.72
11.40

10.67

1948

100
500
1000
1500
2000
3000
4000
5000
6000
7000
7300
7400
7500

2.05
1.83
1.72
1.70
1.74
1.97
2.49
3.50
5.47
9.23
10.92
11.56
12.25

11.33

1949

100
500
1000
1500
2000
3000

2.07
1.84
1.73
1.70
1.74
1.97

11.22
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TABLE 6

HYPOTHETICAL MARGINAL COSTS AND MARGINAL REVENUES AT
VARIOUS ADVERTISING EXPENDITURE LEVELS FOR THE
LYDIA PINKHAM MEDICINE COMPANY:
1941 - 1957
(Continued)

Year

Advertising
Expenditure
Level
($ 000)

Marginal
Cost3
($/unit)

Marginal
Revenue*3
($/unit)

1949

4000
5000
6000
7000
7300
7400
7500

2.48
3.48
5.39
9.03
10.66
11.28
11.94

11.22

1950

100
500
1000
1500
2000
3000
4000
5000
6000
7000
7400
7500
7600

2.07
1.85
1.73
1.71
1.74
1.96
2.45
3.41
5.24
8.69
10.81
11.43
12.10

11.22

1951

100
500
1000
1500
2000
3000
4000
5000
6000
7000
7700
7800
7900

2.13
1.90
1.77
1.74
1.76
1.95
2.37
3.17
4.64
7.32
10.41
10.97
11.56

i l .22
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TABLE 6

HYPOTHETICAL MARGINAL COSTS AND MARGINAL REVENUES AT
VARIOUS ADVERTISING EXPENDITURE LEVELS FOR THE
LYDIA PINKHAM MEDICINE COMPANY:
1941 - 1957
(Continued)

Year

Advertising
Expenditure
Level
($ 000)

Marginal
Cost3
($/unit)

MarginajL
Revenue
($/unit)

1952

100
500
1000
1500
2000
3000
4000
5000
6000
7000
7900
8000
8100

2.14
1.92
1.79
1.75
1.77
1.95
2.34
3.08
4.43
6.85
10.64
11.20
11.79

11.22

1953

100
500
1000
1500
2000
3000
4000
5000
6000
7000
8000
8100
8200

2.15
1.93
1.80
1.76
1.77
1.94
2.31
3.01
4.26
6.49
10.45
10.99
11.55

11.22

1954

100
500
1000
1500
2000
3000

2.16
1.93
1.80
1.76
1.77
1.94

11.22

125

TABLE 6

HYPOTHETICAL MARGINAL COSTS AND MARGINAL REVENUES AT
VARIOUS ADVERTISING EXPENDITURE LEVELS FOR THE
LYDIA PINKHAM MEDICINE COMPANY:
1941 - 1957
(Continued)

Year

Advertising
Expenditure
Level
($ 000)

Marginal
Costa
($/unit)

Marginal
Revenue
($/unit)

1954

4000
5000
6000
7000
8000
8100
8200

2.30
2.99
4.21
6.39
10.23
10.75
11.30

11.22

1955

100
500
1000
1500
2000
3000
4000
5000
6000
7000
8000
8100
8200
8300

2.15
1.93
1.80
1.75
1.77
1.93
2.29
2.97
4.17
6.31
10.08
10.59
11.13
11.70

11.22

1956

100
500
1000
1500
2000
3000
4000
5000
6000
7000
8000

2.11
1.89
1.77
1.72
1.73
1.88
2.21
2.81
3.89
5.78
9.09

11.15
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TABLE 6

HYPOTHETICAL MARGINAL COSTS AND MARGINAL REVENUES AT
VARIOUS ADVERTISING EXPENDITURE LEVELS FOR THE
LYDIA PINKHAM MEDICINE COMPANY:
1941 - 1957
(Continued)

Year

Advertising
Expenditure
Level
($ 000)

Marginal
Cost3
($/unit)

Marginal
Revenue
($/unit)

1956

8300
8400
8500

10.49
11.02
11.57

11.15

1957

100
500
1000
1500
2000
3000
4000
5000
6000
7000
8000
8600
8700
8800

2.17
1.96
1.83
1.78
1.79
1.92
2.22
2.78
3.75
5.43
8.30
10.94
11.47
12.03

11.50

a - Production costs are assumed to be 10 percent of the sell
ing price. The marginal costs calculated are, therefore,
hypothetical in nature. The marginal costs are based on
an incremental change of $100,0 0 0 , and sales levels are
calculated using the response function L P 1 , page 115.
b - Palda, o jd . cit. , p. 39.
Marginal revenues are assumed to be constant and equal to
actual selling price of the firm for any given year.
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TABLE 7

ACTUAL AND OPTIMAL LEVELS OF SALES AND OF ADVERTISING
EXPENDITURE FOR THE LYDIA PINKHAM
MEDICINE COMPANY: 1941 - 1957

Year

Actual
Sales3
($ 000)

Actual Advertising
Expenditure3
($ 000)

Optlmal
Sales
($ 000)

Optimal Advertising
Expenditure
($ 000)

1941
1942
1943
1944
1945

2161
2336
2602
2518
2637

1034
1054
1164
1102
1145

6086
6133
6182
6226
6261

5235
5538
5658
5834
5947

1946
1947
1948
1949
1950

2177
1920
1910
1984
1787

1012
836
941
981
974

6292
6772
7240
7141
7182

6154
6792
7364
7390
7466

1951
1952
1953
1954
1955

1689
1866
1896
1684
1633

766
920
964
811
789

7226
7276
7349
7374
7425

7843
8003
8143
8185
8216

1956
1957

1657
1569

802
770

7476
7519

8424
8705

a - Source:

Palda,

ojk

cit., p. 23.

b - Optimal expenditures and optimal sales are calculated by
equating marginal revenues to marginal costs found in
Table 8 . An arithmetic interpolation is used.

FIGURE 5

ACTUAL AND OPTIMAL LEVELS OF ADVERTISING EXPENDITURE
FOR THE LYDIA PINKHAM MEDICINE COMPANY: 1941 - 1957
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in the production cost at each given advertising expenditure level.

An

increase in the production cost by a constant amount at every level of
production would have the effect of reducing the optimal level of ad
vertising.

Economies or diseconomies of scale that affect the marginal

production costs would have similar effects on the optimal level of
advertising, though without some specific knowledge of the production
costs as a function of output, no statement can be made as to the ef
fect on the optimal level of advertising.
The size of the potential population— assumed constant during
any given year— does have a direct effect on the optimal level of ad
vertising.

This effect can be explained by noting that if the adver

tising expenditure level is fixed, sales are directly proportional to
the magnitude of the population.

This fact implies that if the size of

the potential population of buyers is changed by appealing to a new
population segment through a change in the advertising message or by
other means, the optimal level of advertising will be changed.

Such

a change in the population was possibly one of the results of the Fed
eral Government's actions against the firm in regulating advertising
copy.
As was mentioned earlier, the advertising elasticity of sales
should be declining as advertising is increased above some level.
Some additional

insights can be gained

that represents

theadvertising elasticity

ship is defined

by
n

where

A

_
~

Y

by examining therelationship
of sales. This

relation

M
9x

is the advertising elasticity of sales, x.

is the level of
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3f

advertising expenditure, Y

is the level of sales, and —

is the first

partial derivative of the response function with respect to advertising
expenditure.

Therefore, the particular advertising elasticity of sales

related to the response function can be expressed as
X.

nA

=

y

,

x

~ pt c 'ta

t

X

^ln a

b) b

where the terms are as previously defined.

]

»

The terms within the brack

ets can be seen to be fixed for a given level of advertising expenditure.
It may also be seen that if £ increases, Y
the same proportion thereby making nA
£ .

also increases in exactly

independent of the magnitude of

Since all the remaining terms are constants, with the exception

of the level of advertising expenditure, it may also be seen that the
value of nA

is dependent only on the level of the advertising expendi

ture.

the value of b^is less than one,

Since

approach zero as xfc

approaches infinity.

the value of nA

must

No negative advertising

elasticity can be generated even though it may be logically argued
that negative elasticities would result if advertising were carried to
extreme levels.
Given the assumptions made here about this company, it can be
stated that the Lydia Pinkham Medicine Company had consistently been
advertising at levels far below its optimum levels.

Firms of the Cigarette Industry
The second illustrative example of the application of the
methodology involves analyzing the advertising expenditure data for
the three selected brands
Lucky Strike.

of

Each brand is

cigarettes— CameltChesterfield}and
produced by a different firm.

Thefirst

m
step in analyzing the advertising data for the three brands of cigar
ettes was to fit the model to the data to determine an industry response
function.

A total of fifteen equations including four parameter groups

were fitted to the aggregated sales and advertising expenditure data
of the cigarette industry.

13

This aggregation includes the data of the

major as well as the minor firms of the industry.

14

Each of the first three groups of equations (equation forms of
the model of three, four, and five parameters) include at least one
equation that satisfies the criteria of acceptable fit.

The group con

taining six parameters has no equation that satisfies the criteria of
acceptance; therefore, the equation that contains all seven parameters
was not fitted to the data.

The estimates of the parameters for each

equation fitted and the sum of squares of these equations are presented
in Table 8 .

The unadjusted and adjusted coefficients of multiple deter

mination and the F-ratios for each equation fitted are presented in
Table 9.
The equation that exhibits the highest percentage of explained
variation of the data and has the highest F-ratio includes the three
common parameters, the exponent in the cyclical effects _r , and the
yearly growth of the effectiveness of advertising expenditures

cl

.

This equation, however, is unacceptable since the magnitude of the
parameter representing the trend in advertising effectiveness is un
reasonably large.

13
14

The estimated value of this parameter indicates a

The exact equations fitted by groups are found in Table 8 .
Sales are in units.

TABLE 8
PARAMETER ESTIMATES AND SUM OF SQUARED DEVIATIONS FOR THE MODEL
USING THE CIGARETTE INDUSTRY DATA FOR THE YEARS 1930 - 1939

Parameters

a

b

c'

d

Group I
a,b,c'

0.147

0.832

1269.

Group II
a,b ,c',d
a,b,c%g
a»b,c",q
a,b sc' ,r

0.281
0.340
0.458
0.029

0.662
0.470
0.999
0.863

930
1299
2220
1582

1.046

Group III
a,b ,c%d,g
a,b,c 5d,q
a,b ,c',d,r
a,b,c",g,q
a,b,c',g,r
a>b,c',q,r

0.862
0.460
0.001
0.671
0.001
0.731

0.888
0.999
0.861
0.998
0.980
0.999

963.
2246.
1170.
1510.
1794.
1627.

1.049
0.991
1.036

Group IV
a,b,c%d,g,r
a >b,c^ ,g,q ,r
a,b ,c",d,g,q
a , b , c % d 5q,r

0.003
0.731
0.648
0.731

0.787
0.999
0.998
0.999

1159
1629
1576
1627

1.037

g

q

r

Sum of Squares

370,497

-.715
1.315
0.603
-.755
1.355
0.426
-.689
4.493

1.625
1.559

0.998
1.000

-.394
0.001
-.653

1.557
1.579
1.559

0.772
0.361
0.398
0.360
0.361

69,485
283,185
45,200
170,639
48,499
39,580
5,024
30,634
87,744
3,480
2,329
3,481
29,049
3,480
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TABLE 9

COEFFICIENT OF MULTIPLE DETERMINATION, UNADJUSTED AND ADJUSTED
FOR DEGREES OF FREEDOM, AND AN F-RATIO FOR EACH EQUATION
USING THE CIGARETTE INDUSTRY DATA
FOR THE YEARS 1930 - 1939

Parameters

R2

R2

F

Group I
a,b,c"

0.343

0.155

4.18

Group II
a ,b ,c ,d
aybyc' ,g
a,b,c",q
a,b,c',r

0.876
0.494
0.919
0.692

0.777
0.089
0.854
0.446

4.58
1.11
7.05
1.83

Group III
a ,b ,c ,d ,g
a,b,c ,d ,q
a,b,c^,d,r
a ,b,c",g,q
a,b,c",g,r
a,b,c",q,r

0.913
0.930
0.991
0.944
0.823
0.994

0.804
0.842
0.980
0.874
0.602
0.985

0.77
0.52
7.11
1.21
0.38
10.04

Group IV
a,b ,c"',d,g,r
a,b ,c",g,q,r
a,b,c ,d,g,q
a,b ,c",d,q,r

0.996
0.994
0.950
0.994

0.988
0.982
0.850
0.982

1.13
0.75
0.09
0.75

growth rate of 55.9 percent per year.

Since there is no apparent indi

cation that a growth rate near this percentage could be maintained,
this equation is rejected as a spurious relationship.
One explanation for this spurious relationship is as follows:
a high correlation is expected to exist between the parameter related
to the growth trend in advertising effectiveness

and the parameter

related to the growth trend in the saturation level of sales cl.

There

fore, if there be two separate equations including the same parameters
with the exception that each equation includes one and only one of the
two trend parameters, the explained variation of each equation should
be similar.

Under these conditions at least one of the equations must

represent a spurious relationship.

Though it would be highly unlikely

that any correlation can be proved to be a causal relationship, the
magnitudes of the parameters can often be used as "prima facie" evi
dence of a spurious relationship where such estimates are unreasonable.
Therefore, the equation chosen as the response function for the
cigarette industry also includes five parameters:
parameters a_, b_, and c_',
the cyclical effects r_t

the three common

the parameter representing the exponent in
and the parameter representing the yearly

growth trend of the saturation level of sales d_ .

Each estimated

parameter exhibits a reasonable magnitude.
This response function has the form

where Y

is in units.

The remaining terms are as previously defined.
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When the estimated parameters are substituted for the parameter symbols,
the response function is represented as
ft

ft
= p t (wt)0,426

(i.ose)*

(ii7o)

[o.ooi { 0 -861

} ]

,

Cn

A
where Y

is hundreds of millions of cigarettes in year t^ and x

15
millions of dollars of advertising expenditure in year jt .

is in

The re

sponse function explains 98.0 percent of the variation in the data after
correction is made for the degrees of freedom and has an F-ratio of
7.11 which is significant when compared to the critical F-ratio of 5.19.
Here again the F-test must be considered as an approximate test that
indicates the last parameter added is significant.

The Durbin-Watson

statistic for the response function is 1.99 which is inconclusive in
determining that serial correlation is present.
The actual sales and the estimated sales generated by use of
the response function (Cll) are presented in Table 10 for the years
1930 through 1939.

A graph of these sales values is shown in Figure

6.
Certain observations can be made about the effects of changes
that may occur in the magnitude of the exogenous variables in the
response function.

The variables that are exogenous to the industry

are the potential market population index, the gross national product
per capita, and the time, though in some respects the industry may
have some control over the potential market population.

■^The base year where jt

equals to zero is 1927.
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TABLE 10

ACTUAL AND ESTIMATED SALES OF THE
CIGARETTE INDUSTRY:
1929 - 1939

Year

3
Actual Sales
(Billions of Cigarettes)

b
Estimated Sales
(Billions of Cigarettes)

1929
1930
1931
1932
1933

1190
1196
1134
1036
1118

1165
1164
1162
1070
1095

1934
1935
1936
1937
1938

1256
1346
1532
1626
1637

1235
1354
1505
1630
1640

1939

1724

1742

a - Source:

Borden, 0£. cit., p. 229

b - Sales are estimated using the response function Cll, page
135.
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FIGURE 6

ACTUAL AND ESTIMATED SALES OF THE
CIGARETTE INDUSTRY: 1929 - 1939
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If the level of advertising expenditure is considered fixed
and changes occur in any of the three exogenous variables, the level of
sales will be affected.

Considering each variable in the order listed,

first, an increase in the potential market population index has the ef
fect of increasing the saturation level of sales proportionally to the
change and thereby raising the actual level of sales for the same ad
vertising expenditure.

Here the firms that comprise the industry may

accomplish an increase in the potential market population by showing
persons not presently included some application for them or by increas
ing the geographic area of the market.

Also, the size of the total

population for the market area may grow in the normal course of events
thus increasing the potential purchasers of the product without spec
ial appeals by the firms.

Second, the effect of an increase in the

gross national product per capita index has a similar effect.
the parameter _r
to sales.

Here

can be viewed as elasticity of this term with respect

This index can be considered closely related to changes in

the income level per capita; however, the index used in the response
function is more inclusive of cyclical effects.

It may be reasoned

that psychological factors such as anticipations and tensions are par
tially reflected in this factor.

The finding of this factor to be sig

nificant does indicate that cigarettes probably have a positive income
elasticity.

Last, increasing time causes a geometric growth in the

level of sales.
If the temporary restriction used in the discussion of the
effects of changes in the exogenous variables is removed and the level
of advertising expenditure is considered a variable, it can be seen
that an increase in any of the exogenous variables allows the firms of

the industry several alternative actions.

Since sales would increase

at any level of advertising, the marginal cost of the product is re
duced.

This should cause the optimal level of advertising to increase.

Also, dependent on price elasticities and many other factors the firms
may pass some of the cost reductions along to their customers in the
terms of price reductions.

Another possible reaction of the firms of

the industry would be to reap higher profits but maintain a relatively
stable advertising expenditure level.
Certain comments are also warranted concerning the magnitude
of the parameters estimated for the response function.

The fraction of

potential sales level that would be sold in the absence of advertising
a_ is

estimated to be 0.001 or one out of 1000 potential customers

would buy the product if it were not advertised during a given year.
For the product of concern here— cigarettes— this seems to be an ex
tremely low value.

As was mentioned earlier, a high correlation is

expected between the parameters _a

and b^ .

During the fitting process

for this model, a near minimum sum of squared deviations was obtained
with the value of a_ being approximately 0.3 and the value of b^ being
approximately 0.9.

At that point an offsetting effect of simultaneous

changes to the values of these parameters caused a large change in
their magnitudes while for practical purposes leaving the sum of
squares unchanged.

This indicates that due to the limited number of

data points the estimates of a^ and b^
interpretation.

separately cannot be given an

Where a larger number of data points were fitted in

the previous illustration this problem did not arise.

The other

parameter that deserves mention is the trend parameter d_ .

This param

eter was found to be very stable in that changes in the remaining
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parameters caused little effect on its magnitude.

The 3.6 percent

growth rate of the saturation level of sales seems very reasonable
even though this is the trend after the increase caused by population
growth and cyclical effects have been included.

This trend factor may

allow for systematic changes in the population characteristic effects
where the changes are represented by geometrical growth effects or may
be approximated where such changes are small and linear in nature.

This

provides some comfort in accepting the assumption that population char
acteristics are constant except for the size of absolute numbers.
As with the example of the Lydia Pinkham Medicine Company, some
additional insights into the inter-relationship of the variables can be
obtained by looking at the relationship for the advertising elasticity
of sales.

For the response function for the cigarette industry the ad

vertising elasticity of sales can be written as

n.

=

x
—
y

p. w* d
L

*.
, xt
x
c' a
(In a In b) b

,

u

where the terms are as defined earlier in this chapter.

Here again it

is apparent that the advertising elasticity is dependent only on the
level of advertising expenditure and not on the magnitudes of the exog
enous variables.

Also, as the level of advertising expenditure is in

creased beyond some point, the value of

decreases.

tising expenditure approaches infinity, the value of
zero.

As the adver
approaches
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Analysis of the Advertising Expenditures of the Cigarette
Indus try as a Whole
First, the response function selected for the industry is used
to estimate the sales for the industry at various levels of advertising
expenditure chosen to provide an incremental increase of one million
dollars.

The initial estimate of sales is with a zero advertising ex

penditure.

These results are presented in Table 11.

Second, the marginal cost to produce and advertise a single
package of 20 cigarettes is calculated using the estimated sales in the
relationship

MCt =

Ct +

I
AYfc

where MCt

is the marginal cost per package of cigarettes in period t^ ,

Ct

is

the production cost per package of cigarettes in period jt ,

3^

isthe incremental increase in advertising expenditure
one million dollars, and

of

A
AYt

is the change in the level of sales resulting from the
increased advertising expenditure.

These results are presented in Table 11.
The marginal revenue is taken to be constant at all levels of
production and equivalent to the price actually charged for the product
in a given year.

Product prices are presented in Table 11.

Third, the optimal sales and the optimal advertising expendi
tures are estimated by determining the advertising expenditure that
would cause the marginal cost to equal the marginal revenue for each
of the years 1930 through 1939.

These results are shown in Table 12.

A comparison of the actual and optimal advertising expenditures is
presented in Figure 7.
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TABLE 11

HYPOTHETICAL MARGINAL COSTS AND MARGINAL REVENUES AT
VARIOUS ADVERTISING EXPENDITURE LEVELS FOR THE
CIGARETTE INDUSTRY AS A WHOLE: 1930 - 1939

Year

Industry
Advertising
Expenditure
($ Millions)

Marginal
Cost Per 20
Cigarette
Package
(Cents)

Sale Price
Per
20 Cigarette
Package Befoge
Tax is Added
(Cents)

1930

5.00
10.00
20.00
40.00
49.00
50.00
55.00

2.34
2.34
2.35
2.78
5.23
5.90
12.49

5.29

1931

5.00
10.00
20.00
40.00
49.00
50.00
55.00

2.25
2.25
2.26
2.78
5.92
6.80
15.52

6.08

1932

5.00
10.00
20.00
40.00
50.00
51.00
55.00

2.08
2.08
2.09
2.65
6.01
6.95
16.31

6.08

1933

5.00
10.00
20.00
40.00
45.00
46.00
50.00

1.86
1.86
1.87
2-42
3.48
3.87
6.60

3.70
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TABLE 11

HYPOTHETICAL MARGINAL COSTS AND MARGINAL REVENUES AT
VARIOUS ADVERTISING EXPENDITURE LEVELS FOR THE
CIGARETTE INDUSTRY AS A WHOLE: 1930 - 1939
(Continued)

Year

Industry
Advertising
Expenditure
($ Millions)

Marginal
Cost Per 20
Cigarette
Package
(Cents)

Sale Price
Per
20 Cigarette
Package Before
Tax is Added
(Cents)

1934

5.00
10.00
20.00
40.00
47.00
48.00
50.00

2.25
2.25
2.26
2.75
4.49
5.02
6.50

4.76

1935

5.00
10.00
20.00
40.00
45.00
46.00
50.00

2.49
2.49
2.50
3.21
4.72
5.29
9.45

4.76

1936

5.00
10.00
20.00
40.00
46.00
47.00
50.00

2.42
2.42
2.43
3.02
4.72
5.29
8.07

4.76

1937

5.00
10.00
20.00
40.00
47.00
48.00
50.00

2.71
2.71
2.72
3.13
4.61
5.07
6.36

5.03
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TABLE 11

HYPOTHETICAL MARGINAL COSTS AND MARGINAL REVENUES AT
VARIOUS ADVERTISING EXPENDITURE LEVELS FOR THE
CIGARETTE INDUSTRY AS A WHOLE: 1930 - 1939
(Continued)

Year

Industry
Advertising
Expenditure
($ Millions)

Marginal
Cost Per 20
Cigarette
Package3
(Cents)

Sale Price
Per
20 Cigarette
Package Before
Tax is Added
(Cents)

1938

5.00
10.00
20.00
40.00
48.00
49.00
50.00

2.84
2.84
2.85
3.22
4.95
5.46
6.09

5.03

1939

5.00
10.00
20.00
40.00
48.00
49.00
50.00

2.72
2.72
2.73
3.09
4.83
5.34
5.97

5.03

a - The marginal costs are based on incremental changes of one
million dollars. Production costs are taken to be constant
and equal to those for the Lucky Strike brand (Tennant, o p .
cit., p. 291).
b - Source: Borden, o]>. cit. , p. 542.
Sales price is assumed to be constant at all sales levels
for a given year.
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TABLE 12

ACTUAL AND OPTIMAL LEVELS OF SALES AND OF ADVERTISING
EXPENDITURES FOR THE CIGARETTE INDUSTRY
AS A WHOLE: 1930 - 1939

Year

Actual
Sales3
(Billions of
Cigarettes )

1930
1931
1932
1933
1934

119.6
113.4
103.6
111.8
125.6

26.02
38.00
28.46
27.47
31.66

124.2
120.6
112.5
115.6
129.0

49.96
50.16
49.64
47.57
48.73

1935
1936
1937
1938
1939

134.6
153.2
162.6
163.7
172.4

29.22
32.47
30.76
27.09
24.96

141.4
156.6
170.3
173.4
186.1

47.44
48.19
50.86
54.31
53.06

a - Source:

Actual
Advertising
Expenditure3
($ Millions)

Borden,

o jd .

Optimal
Sales13
(Billions of
Cigarettes )

Optimal
Advertising
Expenditure13
($ Millions)

cit., p. 229.

b - Optimal sales and expenditures are calculated by equating
marginal revenues to marginal costs found in Table 11. An
arithmetic interpolation is used.
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FIGURE 7
ACTUAL AND OPTIMAL LEVELS OF ADVERTISING FOR THE
CIGARETTE INDUSTRY AS A WHOLE: 1930 - 1939
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Analysis of the Advertising Expenditures for Selected
Cigarette Brands
In order to analyze the advertising expenditure data of a firm
or as in the case here, a brand, the response function for the indus
try is used to compensate for the competitive effects of advertising.
As has been previously stated, two assumptions are made:

first, that

any firm that increases its advertising expenditure level for its brand
will be met by increases in the advertising expenditure levels of com
peting brands to the extent that the percentage of the total industry
advertising expenditure will remain unchanged for each brand, and sec
ond, that the final distribution of the net gain in sales resulting
from an increase in the level of advertising will be in proportion to
the market shares of the brands prior to the changes in the advertising
expenditure levels.
Based on these assumptions an expression was developed that
represents the marginal cost of the product per package of 20 cigar
ettes.

The marginal cost is represented as

MCt -

Ct +
(AYfc) (MSt)

where MCt
C

t_

is the marginal cost per package of cigarettes in period J: ,
is the production cost per package of cigarettes in
period _t ,

JE

is the firm's incremental increase in advertising expen
diture of one million dollars,

AYt

is the change in the level of sales resulting from the
industry's increased advertising expenditure in period _t ,
and

MS^

is the market
period _t .

share for the firm's brand of cigarettes

in
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Production cost data for the Lucky Strike brand of cigarettes which are
assumed to be the same for each brand of cigarettes investigated, as
previously stated, are presented in Appendix H.

Values for the market

shares and multiples of industry advertising compared to the brand ad
vertising are found in Appendix C.
The marginal revenue to the firm is the sales price of a pack
age of cigarettes before taxes are added.

The sales price data that

are'available are presented for the Lucky Strike brand of cigarettes in
Appendix H.

This sales price was the same for each of the three major

brands of cigarettes during the period investigated.
Subject to the assumptions made, the marginal cost curves for
the Camel brand, the Chesterfield brand, and the Lucky Strike brand of
cigarettes at selected levels of advertising expenditure were calcu
lated for the years of concern.

These results are presented in Tables

13, 14, and 15, respectively.
Marginal revenues are also presented for the Camel brand, the
Chesterfield brand, and the Lucky Strike brand of cigarettes for the
years of concern in Tables 13, 14, and 15, respectively.
Based on the results presented in Table 13, the optimal level
of advertising expenditure for the Camel brand was determined by the
level of advertising expenditure that equates the marginal revenue to
the marginal cost for each given year.

The optimal levels of adver

tising expenditures for the Camel brand are presented in Table 16.

A

comparison of the actual and the optimal levels of advertising expen
ditures is shown in Figure 8 .
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TABLE 13

HYPOTHETICAL MARGINAL COSTS AND MARGINAL REVENUES AT VARIOUS
ADVERTISING EXPENDITURE LEVELS FOR THE CAMEL BRAND CIGARETTE
AND FOR THE TOTAL CIGARETTE INDUSTRY: 1930 - 1939

Company
Advertising
Expenditure
($ Millions)

Industry
Advertising
Expenditure
($ Millions)

Marginal
Cost
Per 20
Cigarette
Package3
(Cents)

1930

1
5
9
10
11

5.41
27.03
48.65
54.06
59.47

2.35
2.35
3.28
5.24
11.35

5.29

1931

1
5
10
13
14
15

3.80
18.99
37.98
49.37
53.17
56.97

2.26
2.25
2.48
4.85
8.11
15.48

6.08

1932

1
4
5
6

11.91
47.65
59.57
71.48

2.08
2.33
5.30
43.52

6.08

1933

1
5
10
15
16
17

2.68
13.41
26.81
40.22
42.90
45.58

1.90
1.86
1.90
2.62
3.20
4.25

3.70

1934

1
5
10
15
16
17

3.05
15.25
30.50
45.75
48.80
51.85

2.27
2.25
2.32
3.90
5.59
8.67

4.76

Year

Sale Price
Per
20 Cigarette
Package Before
Tax is Added
(Cents)
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TABLE 13

HYPOTHETICAL MARGINAL COSTS AND MARGINAL REVENUES AT VARIOUS
ADVERTISING EXPENDITURE LEVELS FOR THE CAMEL BRAND CIGARETTE
AND FOR THE TOTAL CIGARETTE INDUSTRY: 1930 - 1939
(Continued)

Marginal
Cost
Per 20
Cigarette
Package3
(Cents)

Sale Price
Per
20 Cigarette
Package Before
Tax is Added
(Cents)

Company
Advertising
Expenditure
($ Millions)

Industry
Advertising
Expenditure
($ Millions)

1935

1
5
10
13
14
15

3.15
15.77
31.54
41.00
44.16
47.31

2.51
2.49
2.58
3.29
4.12
5.83

4.76

1936

1
5
10
12
13
14

3.59
17.95
,35.91
43.09
46.68
50.27

2.43
2.42
2.59
3.28
4.35
6.76

4.76

1937

1
5
10
13
14
15

3.61
18.04
36.07
46.89
50.50
54.11

2.72
2.71
2.87
4.38
6.37
10.71

5.03

1938

1
5
10
14
15
16

3.24
16.20
32.40
45.36
48.60
51.84

2.86
2.84
2.91
3.98
5.13
7.44

5.03

Year
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TABLE 13

HYPOTHETICAL MARGINAL COSTS AND MARGINAL REVENUES AT VARIOUS
ADVERTISING EXPENDITURE LEVELS FOR THE CAMEL BRAND CIGARETTE
AND FOR THE TOTAL CIGARETTE INDUSTRY: 1930 - 1939
(Continued)

Year

Company
Advertising
Expenditure
($ Millions)

Indus try
Advertising
Expenditure
($ Millions)

1
5
10
13
14
15

3.39
16.94
33.88
44.04
47.43
50.82

Marginal
Cost
Per 20
Cigarette
Package3
(Cents)

Sale Price
Per
20 Cigarette
Package Before
Tax is Added*5
(Cents)

2.73
2.72
2.82
3.58
4.51
6 .45

a - The marginal costs are based on incremental changes of one
million dollars. Production costs are taken to be constant
and equal to those for the Lucky Strike brand (Tennant, o p .
cit., p. 291).
b - Source: Borden, ojd. cit ., p. 542.
Sales Price is assumed to be constant at all sales levels
for a given year.

TABLE 14
HYPOTHETICAL MARGINAL COSTS AND MARGINAL REVENUES AT VARIOUS
ADVERTISING EXPENDITURE LEVELS FOR THE CHESTERFIELD BRAND
CIGARETTE AND FOR THE TOTAL CIGARETTE INDUSTRY: 1930 - 1939

Marginal
Cost
Per 20
Cigarette
Package
(Cents)

Sale Price
Per
20 Cigarette
Package Before
Tax is Added
(Cents)

Company
Advertising
Expenditure
($ Millions)

Industry
Advertising
Expenditure
($ Millions)

1930

1
5
10
11
12

4.36
21.80
43.60
47.96
52.32

2.35
2.35
3.04
4.07
6.66

5.29

1931

1
5
10
11
12
13

4.16
20.81
41.62
45.78
49.94
54.11

2.26
2.26
2.84
3.70
5.78
10.87

6.08

1932

1
5
10
15
18
19
20

2.55
12.78
25.55
38.32
45.99
48.55
51.10

2.13
2.09
2.12
2.73
5.41
7.84
12.04

6.08

1933

1
5
10
12
13

3.62
18.10
36.19
43.43
47.05

1.88
1.87
2.05
2.28
3.84

3.70

Year

TABLE 14

HYPOTHETICAL MARGINAL COSTS AND MARGINAL REVENUES AT VARIOUS
ADVERTISING EXPENDITURE LEVELS FOR THE CHESTERFIELD BRAND
CIGARETTE AND FOR THE TOTAL CIGARETTE INDUSTRY: 1930 - 1939
(Continued)

Company
Advertising
Expenditure
($ Millions)

Industry
Advertising
Expenditure
($ Millions)

Marginal
Cost
Per 20
Cigarette
Package3
(Cents)

1934

1
5
10
14
15
16

3.31
16.54
33.07
46.30
49.61
52.91

2.27
2.25
2.25
3.92
5.64
9.14

4.76

1935

1
5
10
14
15
16

3.09
15.47
30.94
43.32
46.41
49.50

2.51
2.49
2.58
3.92
5.37
8.32

4.76

1936

1
5
10
12
13
14

3.65
18.23
36.45
43.74
47.39
51.03

2.43
2.42
2.64
3.53
4.93
8.12

4.76

1937

1
5
10
13
14
15

3.44
17.19
34.38
44.69
48.13
51.57

2.72
2.72
2.83
3.79
4.98
7.50

5.03

Year

Sale Price
Per
20 Cigarette
Package Before
Tax is Added
(Cents)
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TABLE 14

HYPOTHETICAL MARGINAL COSTS AND MARGINAL REVENUES AT VARIOUS
ADVERTISING EXPENDITURE LEVELS FOR THE CHESTERFIELD BRAND
CIGARETTE AND FOR THE TOTAL CIGARETTE INDUSTRY: 1930 - 1939
(Continued)

Company
Advertising
Expenditure
($ Millions)

Industry
Advertising
Expenditure
($ Millions)

Marginal
Cost
Per 20
Cigarette
Package
(Cents)

1938

1
5
10
15
16
17

2.92
14.60
29.19
43.79
46.70
49.62

2.86
2.84
2.89
3.87
4.77
6.45

5.03

1939

1
5
10
14
15
16

3.21
16.05
32.10
44.94
48.15
51.36

2.74
2.72
2.80
3.95
5.19
7.67

5.03

Year

Sale Price
Per
20 Cigarette
Package Before
Tax is Added
(Cents)

a - The marginal costs are based on incremental changes of one
million dollars. Production costs are taken to be constant
and equal to those for the Lucky Strike brand (Tennant, o p .
cit., p. 291).
b - Source:

Borden, o]3. cit. , p. 542.

TABLE 15

HYPOTHETICAL MARGINAL COSTS AND MARGINAL REVENUES AT VARIOUS
ADVERTISING EXPENDITURE LEVELS FOR THE LUCKY STRIKE BRAND
CIGARETTE AND FOR THE TOTAL CIGARETTE INDUSTRY: 1930 - 1939

Company
Advertising
Expenditure
($ Millions)

Industry
Advertising
Expenditure
($ Millions)

Marginal
Cost
Per 20
Cigarette
Package
(Cents)

1930

1
5
10
15
19
20
21

2.58
12.89
25.77
38.66
48.96
51.54
54.12

2.37
2.34
2.36
2.64
4.96
6.84
10.05

5.29

1931

1
5
10
15
18
19
20

2.78
13.92
27.84
41.76
50.11
52.90
55.68

2.27
2.25
2.28
2.83
5.72
8.55
13.70

6.08

1932

1
5
10
15
18
19
20

2.62
13.12
26.23
39.35
47.21
49.84
55.08

2.11
2.08
2.11
2.33
4.46
6.26
9.41

6.08

1933

1
5
10
12
13

3.82
19.10
38.20
45.84
49.66

1.87
1.86
2.07
2.95
4.34

3.70

Year

Sale Price
Per
20 Cigarette
Package Befoge
Tax is Added
(Cents)

156

TABLE 15

HYPOTHETICAL MARGINAL COSTS AND MARGINAL REVENUES AT VARIOUS
ADVERTISING EXPENDITURE LEVELS FOR THE LUCKY STRIKE BRAND
CIGARETTE AND FOR THE TOTAL CIGARETTE INDUSTRY: 1930 - 1939
(Continued)

Marginal
Cost
Per 20
Cigarette
Package3
(Cents)

Sale Price
Per
20 Cigarette
Package Before
Tax is Added
(Cents)

Company
Advertising
Expenditure
($ Millions)

Industry
Advertising
Expenditure
($ Millions)

1934

1
5
10
11
12
13

3.90
19.50
38.99
42.89
46.79
50.69

2.26
2.26
2.53
2.89
3.71
5.63

4.76

.1935

1
5
8
9
10

5.23
26.14
41.82
47.05
52.28

2.50
2.51
2.99
4.14
7.92

4.76

1936

1
5
9
10
11

4.74
23.72
42.69
47.43
52.17

2.43
2.43
3.02
4.15
7.45

4.76

1937

1
5
8
9
10

5.48
27.38
43.80
49.28
54.75

2.71
2.72
3.14
4.11
7.30

5.03

1938

1
5
7
8
9

6.61
33.07
46.30
52.91
59.53

2.84
2.87
3.32
4.82
11.05

5.03

Year
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TABLE 15

HYPOTHETICAL MARGINAL COSTS AND MARGINAL REVENUES AT VARIOUS
ADVERTISING EXPENDITURE LEVELS FOR THE LUCKY STRIKE BRAND
CIGARETTE AND FOR THE TOTAL CIGARETTE INDUSTRY: 1930 - 1939
(Continued)

Year

Company
Advertising
Expenditure
($ Millions)

Industry
Advertising
Expenditure
($ Millions)

Marginal
Cost
Per 20
Cigarette
Package3
(Cents)

1
5
8
9
10

5.92
29.61
47.38
53.30
59.22

2.72
2.74
3.47
5.41
12.41

Sale Price
Per
20 Cigarette
Package Before
Tax is Added
(Cents)

a - The marginal costs are based on incremental changes of one
million dollars.
Production costs are taken to be con
stant (Tennant, o p . cit., p. 291).
b - Source:

Borden,

o jd .

cit., p. 542.

TABLE 16

ACTUAL AND OPTIMAL LEVELS OF SALES AND OF ADVERTISING
EXPENDITURES FOR THE CAMEL BRAND
OF CIGARETTES: 1930 - 1939

Year

Actual
Sales3
(Billions of
Cigarettes )

Actual
Advertising
Expenditure3
($ Millions)

1930
1931
1932
1933
1934

38.0
33.0
24.6
26.5
32.0

4.81
10.01
2.39
10.25
10.38

1935
1936
1937
1938
1939

37.0
43.0
45.0
41.0
40.0

9.27
9.04
8.53
8.36
7.37

a - Source:

Optimal
Salesb
(Billions of
Cigarettes )

Optimal
Advertising^
Expenditure
($ Millions)

39.5
35.1
26.7
27.4
32.9 '

10.06
13.38
5.02
16.48
15.48

38.9
44.0
47.2
43.4
43.2

14.39
13.17
13.33
14.97
14.26

Borden, o£. cit., p. 229.

b - Optimal sales and expenditures are calculated by equating
marginal revenues to marginal costs found in Table 13. An
arithmetic interpolation is used.
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FIGURE 8

ACTUAL AND OPTIMAL LEVELS OF ADVERTISING EXPENDITURE
FOR THE CAMEL BRAND OF CIGARETTES: 1930 - 1939

A - Actual Advertising Expenditure
B - Optimal Advertising Expenditure

</>
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1931

Source:

1932

1933

Table 16.

1934

1935
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1938

YEAR
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A similar presentation is made for the Chesterfield brand with
the results being presented in Table 17 and Figure 9, and the Lucky
Strike brand with the results being presented in Table 18 and Figure 10.
Subject to the assumption made, it is noted that each brand of
cigarettes consistently advertised at levels below the optimal levels.
The actual levels of advertising, however, do seem to be reasonably
close to the optimal levels to indicate that advertising has been well
managed by each of the firms that produce a brand of cigarettes for
which data are analyzed in light of the consistent deviation from the
calculated optimal levels.

Discussion of Certain Factors and
Extensions of the Methodology
Subject to the assumptions of this study, certain effects on
the optimal levels of advertising are clear with respect to changes in
the market share for a brand or changes in the multiple of the indus
try's advertising expenditure as compared to the brand's advertising
expenditure.

With all factors remaining constant except that the mar

ket share for a particular brand decreases, the optimal level of ad
vertising will also decrease.

The opposite is also true.

If the in

dustry's multiple of the firm's advertising expenditure increases, the
optimal level of advertising for the brand will decrease.

This re

sults directly from the loss or gain in sales by the firm for a given
level of advertising expenditure.
It should also be remembered that even though certain simpli
fying assumptions have been made that permitted the presentation of
these illustrative applications of the methodology, that in a real
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TABLE 17

ACTUAL AND OPTIMAL LEVELS OF SALES AND OF ADVERTISING
EXPENDITURES FOR THE CHESTERFIELD BRAND
OF CIGARETTES: 1930 - 1939

Year

Actual
Salesa
(Billions of
Cigarettes )

Actual
Advertising
Expenditure3
($ Millions)

Optimal
Sales
(Billions of
Cigarettes )

Optimal
Advertising
Expenditure*5
($ Millions)

1930
1931
1932
1933
1934

25.0
24.6
21.0
29.0
33.5

5.97
9.13
11.14
7.59
9.58

26.0
25.5
22.8
29.9
34.4

11.47
12.06
18.27
12.91
14.49

1935
1936
1937
1938
1939

36.0
38.0
38.0
37.4
36.5

9.44
8.91
8.95
9.28
7.78

37.8
38.8
39.9
39.5
39.5

14.58
12.88
14.02
16.16
14.86

a - Source:

Borden, oj£. cit. , p. 229.

b - Optimal expenditures are calculated by equating marginal
revenues to marginal costs found in Table 14. An arith
metic interpolation is used.

FIGURE 9

ACTUAL AND OPTIMAL LEVELS OF ADVERTISING EXPENDITURE FOR
THE CHESTERFIELD BRAND OF CIGARETTES: 1930 - 1939

A - Actual Advertising Expenditure
B - Optimal Advertising Expenditure

1930

Source:

1931

1932

Table 17.

1933

1934

1935
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1938

YEAR

TABLE 18

ACTUAL AND OPTIMAL LEVELS OF SALES AND OF ADVERTISING
EXPENDITURES FOR THE LUCKY STRIKE BRAND
OF CIGARETTES: 1930 - 1939

Year

Actual
Sales3
(Billions of
Cigarettes)

1930
1931
1932
1933
1934

42.6
44 .6
37.0
37.5
33.5

10.10
13.65
10.85
7.19
8.12

44.2
47.4
40.2
38.7
34.4

19.17
18.13
18.90
12.54
12.55

1935
1936
1937
1938
1939

32.5
37.0
38.5
38.3
39.5

5.59
6.85
5.62
4.10
4.21

34.1
37.9
40.4
40.6
42.6

9.17
10.19
9.29
8.03
8.22

a - Source:

Actual
Advertising
Expenditure3
($ Millions)

Borden,

ojj.

Optimal
Sales**
(Billions of
Cigarettes)

Optimal
Advertising
Expenditure**
($ Millions)

cit., p. 229.

b - Optimal expenditures are calculated by equating marginal
revenues to marginal costs found in Table 15. An arith
metic interpolation is used.
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FIGURE 10
ACTUAL AND OPTIMAL LEVELS OF ADVERTISING EXPENDITURE FOR
THE LUCKY STRIKE BRAND OF CIGARETTES: 1930 - 1939
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application market shares do change as a result of advertising and prod
uct differences.

Also, production costs are not constant throughout

the industry or at different levels of production for the same firm.
In an actual application where additional information as to how com
petitors react to changes in advertising expenditures by member firms
and where accurate cost information is available to the marketing man
ager, adjustments would be required to use this methodology.

Here the

expected multiple of industry expenditure compared to the product of
concern would be used and estimated market shares would be used.

Also,

a modification could be made in the population relative that would sub
stitute other more realistic values for this term when indicated.

Such

information as to the changes in the potential population of purchasers
could be obtained through sampling techniques.
These points are made to indicate that a considerable degree
of flexibility exists for the user in applying this methodology for
analyzing advertising expenditure data.

Chapter VI

SUMMARY AND CONCLUSIONS
This chapter includes a brief summary of the study and presents
conclusions that have been reached as a result of the study.

Summary of the Study
Large sums of money are spent by the business community each
year for the advertising of various products.

The consensus of those

conducting advertising research has been that a very limited knowledge
of the sales effectiveness of these advertising expenditures exists.
The reason for this limited knowledge of the sales effectiveness has
often been stated to be the failure to develop models of sufficient
depth to adequately explain the relationship between advertising ex
penditures and the resulting sales caused by these expenditures.

Even

though no such model has been developed, a large body of research has
been presented in the literature which provides a basis for the de
velopment of a model.
The purpose of this study was to develop a time series model
that could be used to estimate the industry sales for a particular
product that would result from various levels of advertising expendi
tures within the industry and to develop a methodology including this
model to estimate the sales effectiveness and optimal levels of ad
vertising for individual firms within the industry.
Following a review of advertising literature, a general in
dustry model that relates resultant sales to advertising expenditures
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was developed using a Gompertz equation modified to provide certain
dynamic characteristics to the model.

A number of specific constraints

were then placed on the study to simplify the general model in order
to develop a specific model containing a manageable number of param
eters.

These constraints were:

durable consumer good,

(1) that the industry produce a non

(2) that firms within the industry do not en

gage in price competition,

(3) that the physical products of compet

ing firms within the industry are homogeneous,

(4) that the product

is in the established phase of its life cycle,

(5) that the charac

ter of the population remain unchanged with the exception of absolute
numbers, and
oly.

(6) that the firm operate as a monopoly or in an oligop

Subject to these constraints, a specific model was developed

for use in the methodology to determine the sales effectiveness of ad
vertising for an individual firm and to determine the optimal level of
advertising for that firm.

v

t

=

r
Pt w t d

The specific model developed has the form
g X t-1 , Xt
f
f
' r {b fc-l
t
c Ia

t
^
} ,
J
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where
Y

is units of sales in time period _t

p^

is the population relative in timeperiod

w fc
—

is the gross national product per capita relative in
time period t_ ,

jc

is a constant estimated from the datareflecting the
elasticity of the gross national product per capita
relative,
is the period growth constant,

d^

,
_t_

,

c'

is the base value of the saturation level of sales,

£

is the effective fraction of the advertising expenditure
of the previous period acting in the current time period t^ ,

xt

is the advertising expenditure in the current time period _t

f
—

is the consumer price index of the current time period Jt ,
and
is the growth constant for the productivity of advertising.

In order to use the industry model to determine the sales ef
fectiveness of a single firm's advertising, two assumptions were made.
First, it was assumed that any benefit derived from advertising for the
firms of an industry must result from the total increased sales of the
industry.

This assumption was based on the consensus that an increase

in advertising by a single firm will be offset by the competitive re
actions of the other firms within the industry to prevent a loss of
their market positions.

Therefore, the real benefit to an individual

firm would be measured by that firm's proportion of the increase in
the industry sales resulting from an increased level of advertising
within the industry.

This methodology thus takes into account the com

petitive reaction of other firms to the actions of the specific firm
of concern.

The second assumption was that the goal of the firm con

sidered is to maximize profits by equating marginal revenue

to mar

ginal cost.
To evaluate the methodology developed, two industries were
chosen to demonstrate the use of the methodology.

The industries

were the Lydia Pinkham Medicine Company, a single firm industry, and
the cigarette industry, a general industry.

Three cigarette brands

were selected for evaluation of the sales effectiveness of advertising
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and estimating of optimal levels of advertising in the second industry
chosen.

The brands selected were Camel, Chesterfield, and Lucky Strike.

Due to a lack of all required data, the demonstrations were presented
as hypothetical examples using assumed data where historical data were
not available.

Criteria of acceptability were established by which a

demonstration of the application of the methodology is evaluated.

The

objective criteria are that the model must yield a response function
that satisfies an approximate F-test at the five percent level of sig
nificance, and it must have parameters which are within established
reasonable ranges.

In addition to the objective criteria, a subjec

tive criterion of acceptability is that the calculated optimal levels
of advertising are reasonable in light of the advertising history of
the firm or industry of concern.
Various model forms including combinations of parameters were
fitted to the industry data using a grid technique to determine the
initial parameter estimates followed by a direct search technique to
estimate the parameter values that would minimize the sum of squared
deviations for each equation.

Each case investigated included three

common parameters, a^, b^, and (z .

The various combinations of the re

maining parameters, d_, £, c^, and _r,

were included in the various al

ternatives considered such that groups of equations were identified
by the number of included parameters.

The first group fitted con

tained a single equation of three parameters.

Each subsequent group

fitted progressively contained the next greater number of parameters.
The fitting of various equations was continued until the criteria
chosen to terminate the process were satisfied, thereby establishing

the number of parameters included in the equation selected as the re
sponse function.
Termination of the fitting of additional equations and the
choice of parameters included in the alternative

chosen as the re

sponse function was determined by satisfying an approximate F-test
and showing an improvement in the coefficients of multiple determina
tion.

Termination of the fitting process was accomplished when no

equation of a particular group satisfied the criteria of acceptance.
Then the best alternative of the preceding group was chosen as the re
sponse function based on the F-ratio, the coefficient of multiple de
termination, and the requirement that parameter estimates be within
’the ranges stated to be considered reasonable.
In order to present the example of the Lydia Pinkham Medicine
Company, it was necessary to assume production cost values and margin
al revenue values for the firm.

The assumption was made that the

product's production costs for the firm before advertising was 10 per
cent of the product's selling price.

Also, the marginal revenue was

assumed to be constant and equal to the actual selling price of the
product at all levels of sales.
An attempt to .fit a response function to the data for the years
1907 through 1950 failed to yield an equation that satisfied the ap
proximate F-test for significance.

These results were not unexpected

due to the intervention of the Federal Government that forced changes
in the copy content used by the firm during this time-span.

^"The model is presented on page 167.

Therefore,

no calculations of the sales effectiveness of the firm's advertising
was deemed reasonable using the data of this entire time-span.

A subset of the data was, therefore, chosen that provided the
latest time-span during which the Federal Government’s policy toward
the firm remained constant.
1941 through 1956.

This subset of data covered the years

Five models were fitted to the data and a response

function was chosen that yielded an F-ratio that was significant at
the five percent level of significance.

The response function has a

coefficient of multiple determination of 0.819.

This response func

tion has the form

v

zt Y t
where z^

. r (b

=

zt pt c

is the price of the product.

u

Xt
f },

c

1 •

The specific response function

estimated is

yt =
where y

zt Pt 379.29 [0.090{ 0*936 * }] ,

is the dollar sales of the product in the current year _t .
Calculations of the optimal levels of advertising for the years

of concern, subject to the assumptions made, indicated that the firm
was substantially underadvertising in each period investigated.

The

pattern showed a systematic increase in the divergence from the op
timal values over the time-span considered.
In order to make a similar investigation of the three selected
brands of cigarettes, several assumptions were also required*

First,

the production costs for each brand of cigarettes is taken to be con
stant at all levels of production and equal to the production cost for

the Lucky Strike brand.

Second, a change in the level of advertising

by one firm for its brand will be met by the remaining firms of the
industry to the extent that percentages of the total industry adver
tising expenditure for each brand will remain unchanged.

Last, the

final result of a change in the level of advertising by the industry
does not affect the market shares of each brand.
A response function was chosen by fitting 15 separate models
to the data of the cigarette industry for the years 1929 through 1939.
The response function chosen from these alternatives has a coefficient
of multiple determination of 0.980.
is

The form of the response function
x
fT

v
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The specific response function estimated is

~
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=
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(1.036)
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1170 [0.001
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which satisfies the approximate F-test at the five percent level of
significance.
Subject to the assumptions made and using the industry re
sponse function as the means to account for the competitive reaction
of the firms of the industry, the optimal levels of advertising ex
penditure for each brand of cigarette selected was calculated for the
years 1930 through 1939.

The results indicated that for each brand

the advertising expenditures were consistently below the optimal lev
els.

The relative magnitude by which the brands were underadvertising

was far less than that found for the Lydia Pinkham Medicine Company

and was nearly a stable percentage of the calculated optimi over the
time-span investigated.

Conclusions of the Study
The first and foremost conclusion reached as a result of this
investigation is that the purpose of this study has been accomplished.
The model and methodology developed appear to be a viable vehicle to
determine the sales effectiveness of advertising expenditures and to
determine the optimal levels of advertising expenditures for a brand
of products that satisfy the constraints under which the model was
developed.
Specifically, certain advantages of the model and methodology
developed here are apparent when compared to those of previous studies.
Elements of the model have economic interpretations and provide for
certain dynamic modifications within the model over time.

The model

exhibits a diminishing marginal rate of return to advertising.

The

model also provides for the expansion of the industry sales as a re
sult of increased advertising expenditure levels within the industry.
While models of other studies have contained some of these properties,
no study developed a model that exhibits all of these properties.
The methodology of this study is designed to allow for the
competitive reactions of firms within a given industry by incorporating
the industry response function into the analysis of a specific firm
within the industry.

No previous study made such a provision.

Also,

the methodology developed allows for a flexibility in the application
that has not previously been available.

Estimates of the potential

market population may be made by use of sampling techniques, estimates

using census data or by any other means found to properly estimate the
potential market population.

This provides a means to account for

changes in the market area or change in the population characteristics.
Both saturation level and advertising productivity growth trend may be
modified to exhibit functional forms other than the geometric growth
assumed in the specific model.
Calculation of the optimal levels of advertising for the prod
ucts used to demonstrate the use of the methodology depend on the as
sumptions made prior to the application.

The assumption that the mar

ginal revenue for each product was constant and equal to the sales
price of the product may tend to cause the overestimation of the op
timal levels of advertising.
to decrease as

Generally, marginal revenue is assumed

sales increase.

If such were the case for the prod

ucts studied, the optimal level of advertising for each period and for
each product would have been lower and, therefore, would have more near
ly agreed with the actual levels of advertising experienced since every
product studied was found to be underadvertised for each period con
sidered.

Before any actual estimate of the optimal levels of adver

tising for these products can be made, additional information would be
required as to the effect of the level of sales on the marginal rev
enues for each product.

Additional cost information and information as

to the competitive reactions of firms in the cigarette industry would
also be required.
The promising results of this investigation have suggested a
number of studies that may now be conducted to expand the usefulness
of this methodology.

First, the development of a model that incor-

porates the effects of price competition as well as advertising ef
fects would expand the number of potential applications of the method
ology.

Inclusion of price effects on demand was deleted from this

study in order to simplify the model and prevent obscuring the rela
tionship of advertising and sales.

Since the model has shown promise

of explaining the advertising and sales relationship under a specific
set of constraints, the next logical extension of this work would be
to remove that constraint which most restricts the use of the model
and methodology.

With most firms engaging in some price competition

the relaxation of the constraint dealing with price competition would
seem in order.
A second extension of this work should be to develop a tech
nique to predict the competitive reaction of firms within an industry.
Surely all firms of different industries do not react in the same man
ner to an increase or decrease in the advertising expenditure level
of a competing firm.

In order to make calculations of the optimal

level of advertising expenditure, it was necessary in this study to
assume a competitive reaction.

To provide a truly effective method

ology for the actual calculation of optimal advertising expenditures,
investigations are desirable to predict how competing firms will react
to changes in the level of advertising activity by individual firms.
A third extension of this work that is suggested is a study
that would reflect the cumulative effect of advertising on the satura
tion level of sales.

Such changes in the saturation level of sales

is believed to be the reason why efforts to fit the model to the data
of the Lydia Pinkham Medicine Company for the years 1907 through 1950
failed to yield a significant response function.

A last extension of this work suggested is to develop a tech
nique that could incorporate the advantages of the simultaneous equa
tion models with the model form of this study.

It seems reasonable

to believe that to some extent the extremely high degree of correla
tion exhibited by some of the models fitted in this study are a re
sult of the practice of the firms studied to set their advertising
expenditure levels based on projected sales thereby allowing sales to
partially determine advertising expenditures.

This would be particu

larly suspect in the case of the cigarette industry where the coeffi
cient of multiple determination adjusted for the degrees of freedom
is 0.980.

Though no determination can presently be made as to the

degree of such effects, with the incorporation of a technique employ
ing a system of simultaneous equations having the advertising relation
ships depicted by the model of this study, the degree of such effects
could possibly be determined.
Even though no single study can in itself demonstrate proof
of the validity of a model or methodology, it is believed that suffi
cient positive results have been achieved in this study to provide an
impetus to further research to define the sales effectiveness of ad
vertising and the estimation of optimal advertising expenditures based
oh the results of this study.
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Appendix A

ADVERTISING AND SALES DATA FOR THE
LYDIA PINKHAM MEDICINE COMPANY: 1907 - 1960

Year
1

Sales
(in $ 000)

Advertising
Expenditure
(in $ 000)

2

3

1907
1908
1909
1910

1016
921
934
976

608
451
529
543

1911
1912
1913
1914
1915
1916
1917
1918
1919
1920

930
1052
1184
1089
1087
1154
1330
1980
2223
2203

525
549
524
578
609
504
752
613
862
866

1921
1922
1923
1924
1925
1926
1927
1928
1929
1930

2514
2726
3185
3351
3438
2917
2359
2240
2196
2111

1016
; 1360
~
1482
1608
1800
.... 1941
1229
1373
1611
1568

1931
1932
1933

1806
1644
1814

983
1046
1453

Year
1

Sales
(in $ 000)

Advertising
Expenditure
(in $ 000)

2

3

1934
1935
1936
1937
1938
1939
1940

1770
1518
1103
1266
1473
1423
1767

1504
807
339
562
745
749
862

1941
1942
1943
1944
1945
1946
1947
1948
1949
1950

2161
2336
2602
2518
2637
2177
1920
1910
1984
1787

1034
1054
1164
1102
1145
1012
836
941
981
974

1951
1952
1953
1954
1955
1956
1957

1689
1866
1896
1684
1633
1657
1569

766
920
964
811
789
802
770

Source: Kristian S. Palda, The Measurement of Cumulative Ad
vertising Effects (Englewood Cliffs, N. J. : Prentice-Hall, Inc., 1964),
p. 23.

Appendix B
ADVERTISING A N D .SALES DATA FOR THE CIGARETTE
INDUSTRY AND ADVERTISING DATA FOR SELECTED
BRANDS OF CIGARETTES: 1929 - 1939

Camel
Brand
Advertising
Expenditure
(in
$ 0 0 0 ,000)

Chesterfield
Brand
Advertising
Expenditure
(in
$ 000,000)

Lucky Strike
Brand
Advertising
Expenditure
(in
$ 000,000)

Year

Industry
Sales
(in Billions
of
Cigarettes)

Industry
Advertising
Expenditure
(in
$ 00 0 ,000)

_3_

2

3

1929
1930

119.0
119.6

20.81
26.02

40.0
38.0

1.942
4.813

26.0
25.0

5.254
5.968

36.4
42.6

6.589
10.095

1931
1932
1933
1934
1935
1936
1937
1938
1939

113.4
103.6
111.8
125.6
134.6
153.2
162.6
163.7
172.4

38.00
28.46
27.47
31.66
29.22
32.47
30.76
27.09
24.96

33.0
24.6
26.5
32.0
37.0
43.0
45.0
41.0
40.0

10.006
2.389
10.248
10.382
9.265
9.042
8.529
8.362
7.367

24.6
21.0
•29.0
33.5
36.0
38.0
38.0
37.4
36.5

9.130
11.138
7.590
9.575
9.443
8.909
8.948
9.279
7.776

44.6
37.0
37.5
33.5
32.5
37.0
38.5
38.3
39.5

13.649
10.850
7.192
8.120
5.588
6.846
5.617
4.095
4.214

Source:

Camel
Brand
Sales
4

5

Chester
field
Brand
Sales
6

7

Lucky
Strike
Brand
Sales
8

9

Nell Borden, The Economic Effects of Advertising (Chicago: Richard D. Irwin, Inc., 1942),
p. 229.
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Appendix C
MARKET SHARES AND INDUSTRY MULTIPLES OF BRAND ADVERTISING
FOR SELECTED BRANDS OF CIGARETTES: 1930 - 1939a

Chesterfield

Camel

Lucky Strike

Market Share
(Percent)

Indus try
Multiple
of Brand's
Advertising

Market Share
(Percent)

Industry
Multiple
of Brand's
Advertising

Year

Market Share
(Percent)

Industry
Multiple
of Brand’s
Advertising

1930
1931
1932
1933
1934

31.8
29.1
23.7
23.7
25.5

5.406
3.798
11.913
2.681
3.050

20.9
21.1
20.3
25.9
26.7

4.360
4.162
2.555
3.619
3.307

35.6
39.3
35.7
33.5
26.7

2.577
2.784
2.623
3.820
3.899

1935
1936
1937
1938
1939

27.5
28.1
27.7
25.0
23.2

3.154
3.591
3.607
3.240
3.388

26.7
24.8
23.4
22.8
21.2

3.094
3.645
3.438
2.919
3.210

24.1
24.2
23.7
23.4
22.9

5.228
4.743
5.475
6.614
5.922

a - Based on data presented by Borden (Neil Borden, The Economic Effects of Advertising
[Chicago: Richard D. Irwin, Inc., 1942], p. 229.).
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Appendix u
CONSUMER PRICE INDEX (BLS): 1907 - 1957
(1947 - 1949 = 100)

Index of
All Items
(Percent)

Year

2

1
1907
1908
1909
1910

33.5a
35.9a
37.6a
39.6a

1911
1912
1913
1914
1915
1916
1917
1918
1919
1920

39. la
41.5
42.3
42.9
43.4
46.6
54.8
64.3
74.0
85.7

1921
1922
1923
1924
1925
1926
1927
1928
1929
1930

76.4
71.6
72.9
73.1
75.0
75.6
74.2
73.3
73.3
71.4

Year
1
1931-34
1935
1936
1937
1938
1939
1940

Index of
All Items
(Percent)
2
6 8 .6b
65.8
66.5
68.9
69.6
69.1
69.4

1941
1942
1943
1944
1945
1946
1947
1948
1949
1950

71.4
76.4
78.5
81.5
83.4
87.0
95.1
101.9
103.0
104.2

1951
1952
1953
1954
1955
1956
1957

110.8
113.5
115.7
116.4
116.7
118.8
122.8

a - These are estimated values using the price index for total
food at home multiplied by proportion of the price index
of all items 1913 to 1915 divided by the price index of
total food at home 1913 to 1915.
b - These values are estimated by using the geometric average
of 1930 and 1935.
Source:

The Statistical History of the United States From
Colonial Times to the Present (Stamford, Conn.:
Fairfield Publishers, Inc., 1960), p. 126.

Appendix E
SELECTED POPULATION STATISTICS FOR THE
UNITED STATES: 1907 - 1957

Year
1

Population
Male and
Female
Age:
14-54 Years
(Millions)

Population
Total
(Millions)
2

1907
1908
1909
1910

87.000
88.709
90.492
92.407

1911
1912
1913
1914
1915
1916
1917
1918
1919
1920

93.868
95.331
97.227
99.118
100.549
101.966
103.266
103.203
104.512
106.466

3

Female
Population
Age:
14-54 Years
(Millions)

Female
Population
(Millions)
4

Population
Male and
Female
Age: 14 Years
or Older
(Millions)

5

6

Population
Relative
Female
Age:
14-54 Years
(Base Year
= 1907)

Population
Relative
Male and
Female
Age: 14 Years
or Older
(Base Year
= 1929)

7

8

51.867
53.043
54.256
55.515

42.321
43.114
43.945
44.853

25.228
25.779
26.347
26.941

—
—
—
—

1.000
1.022
1.044
1.068

—
—
—

56.384
57.232
58.310
59.362
60.118
60.848
61.452
60.662 '
61.788
63.161

45.576
46.311
47.266
48.229
48.977
49.728
50.481
51.234
51.405
52.171

27.374
27.798
28.344
28.888
29.277
29.669
30.038
30.113
30.387
30.949

—

1.085
1.102
1.124
1.145
1.160
1.176
1.191
1.194
1.204
1.227

—
—
—
—
—
—
—
—
—
—

—
—
—
—
—
—
—
—
—

—
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Appendix E
SELECTED POPULATION STATISTICS FOR THE
UNITED STATES: 1907 - 1957
(Continued)

Year
1

Population
Total
(Millions)
2

Population
Male and
Female
Age:
14-54 Years
(Millions)
3

Female
Population
(Millions)
4

Female
Population3
Age:
14-54 Years
(Millions)

Population
Male and
Female
Age: 14 Years
or Older
(Millions)

5

6
_

Population
Relative
Female
Age:
14-54 Years
(Base Year
= 1907)
7

1921
108.541
1922
110.055
111.950
1923
1924
114.113
1925
115.832
1926 ' 117.399
119.038
1927
120.501
1928
121.770
1929
123.077
1930

64.365
65.183
66.342
67.709
68.764
69.812
70.948
72.059
73.118
74.257

53.250
54.164
55.086
56.126
57.012
57.809
58.636
59.401
60.086
60.780

31.571
32.077
32.640
33.299
33.839
34.375
34.942
35.518
36.076
36.668

87.907
89.439

1.251
1.271
1.294
1.320
1.341
1.363
1.385
1.408
1.430
1.453

124.040
124.840
125.579
126.374
. 127.250

74.934
75.561
76.224
76.996
77.807

61.314
61.770
62.195
62.648
63.140

37.040
37.380
37.746
38.167
38.600

90.598
91.699
92.837
94.080
95.350

1.468
1.482
1.496
1.513
1.530

1931
1932
1933
1934
1935

—

—
—
—
—
—
—

Population
Relative
Male and
Female
Age: 14 Years
or Older
(Base Year
= 1929)
8
_
—

—
—

—
—
—
—

1.000
1.017
1.031
1.043
1.056
1.070
1.085
189

Appendix E
SELECTED POPULATION STATISTICS FOR THE
UNITED STATES: 1907 - 1957
(Continued)

Year

Population
Total
(Millions)

Population
Male and
Female
Age:
14-54 Years
(Millions)
3

Female
Population
(Millions)
4

Female
cl
Population
Age:
14-54 Years
(Millions)

Population
Male and
Female
Age: 14 Years
or Older
(Millions)

5

1

2

1936
1937
1938
1939
1940

128.053
128.825
129.825
130.880
132.122

78.600
79.343
80.164
80.957
81.877

63.594
64.035
64.590
65.166
65.770

39.033
39.433
39.882
40.308
40.750

1941
1942
1943
1944
1945
1946
1947
1948
1949
1950

133.402
134.860
136.739
138.397
139.928
141.389
144.126
146.631
149.188
151.683

82.610
83.291
84.009
84.704
85.085
85.412 •
85.913
86.403
86.885
87.366

66.482
67.263
68.194
69.020
69.893
70.757
72.180
73.502
74.853
76.153

41.165
41.537
41.895
42.242
42.491
42.740
43.025
43.305
43.590
43.858

Population
Relative
Population
Male and
Relative
Female
Female
Age: 14 Years
Age:
or Older
14-54 Years
(Base Year
(Base Year
= 1929)
= 1907)

6

7

96.575
97.734
98.981
100.209
—

1.547
1.563
1.581
1.598
1.615

—

—
—
—
—
—
—
—
—

—

1.632
1.646
1.661
1.674
1.684
1.694
1.705
1.717
1.728
1.738

8
1.099
1.112
1.126
1.138
—
— —

—
—
—
—
—
—
—
—
—
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Appendix E
SELECTED POPULATION STATISTICS FOR THE
UNITED STATES: 1907 - 1957
(Continued)

Year

Population
Total
(Millions)

Population
Male and
Female
Age:
14-54 Years
(Millions)

1

2

3

1951
1952
1953
1954
1955
1956
1957

154.360
157.028
159.636
162.417
165.270
168.174
171.229

87.954
88.534
89.047
89.597
90.246
91.101
92.321

Female
Population
(Millions)
4
77.536
78.923
80.299
81.761
83.255
84.775
86.371

Female
Population
Age:
14-54 Years
(Millions)
5
44.180
44.498
44.792
45.103
45.462
45.923
46.568

Population
Male and
Female
Age: 14 Years
or Older
(Millions)

Population
Relative
Female
Age:
14-54 Years
(Base Year
= 1907)

6

7

„

1.751
1.764
1.775
1.788
1.802
1.820
1.846

—
—

—
—
—

——

Population
Relative
Male and
Female
Ag e : 14 Years
or Older
(Base Year
= 1929)
8
,...

—
—
—
—
—
—

a - The female population estimate of a given year for the age group 14 through 54 years was
obtained by multiplying the values of columns 3 and 4 and dividing this resultant figure
by the value in column 2 .
Source:

The Statistical History of the United States from Colonial Times to the Present
(Stamford, Conn.: Fairfield Publishers, Inc., 1960), p. 8 .
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Appendix F

GROSS NATIONAL PRODUCT PER CAPITA AND
A GROSS NATIONAL PRODUCT PER CAPITA
RELATIVE IN 1957 PRICES:
1907 - 1957

Year

Gross National
Product
Per Capita
(Dollars)

Gross National
Gross National
Product
Product
Per Capita Relative Per Capita Relative
(Base Year=1929)
(Base Year=1907-1911)

2

3

4

1907-1911
1912-1916
1917-1921
1919
1920

349
408
719
755
835

1.000
1.169
2.060
2.163
2.393

—
—
—
—
—

1921
1922
1923
1924
1925
1926
1927
1928
1929
1930

682
672
769
768
788
832
809
815
857
740

1.954
1.926
2.203
2.201
2.258
2.384
2.318
2.335
2.456
2.120

—

—
—
—
—
—
—
—
1.000
0.863

1931
1932
1933
1934
1935
1936
1937
1938
1939
1940

615
468
446
514
569
645
704
656
695
761

1.762
1.341
1.278
1.473
1.630
1.848
2.017
1.880
1.991
2.181

0.718
0.546
0.520
0.600
0.664
0.753
0.821
0.765
0.811
—

1
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Appendix F

GROSS NATIONAL PRODUCT PER CAPITA AND
A GROSS NATIONAL PRODUCT PER CAPITA
RELATIVE IN 1957 PRICES:
1907 - 1957
(Continued)

Gross National
Product
Per Capita
(Dollars)

Year

2

1

Gross National
Gross National
Product
Product
Per Capita Relative Per Capita Relative
(Base Year=1907-1911)
(Base Year=1929)
3

1941
1942
1943
1944
1945
1946
1947
1948
1949
1950

943
1,180
1,408
1,527
1,526
1,490
1,626
1,769
1,730
1,876

2.702
3.381
4.034
4.375
4.372
4.269
4.659
5.069
4.957
5.375

1951
1952
1953
1954
1955
1956
1957

2,131
2,210
2,289
2,236
2,405
2,493
2,572

6.106
6.332
6.559
6.407
6.891
7.143
7.370

Source:

4

—
—
—

—
—
—
—
—
—
—

—
—

—
—
—

—

The Statistical History of the United States from
Colonial Times to the Present (Stamford, Conn.:
Fairfield Publishers, Inc., 1960), p. 139.

Appendix G
PRICES OF THE LYDIA PINKHAM MEDICINE
1907 - 1957a

Liquid Unit*3
($ Per Dozen)

Year
1

2

1907-1917
1918-1929
1930-1946
1947
1948
1949-1955
1956
1957

7.29
9.00
10.00

11.00
12.00
12.00
12.00
12.00

Proportion
of Liquid Sales
(Percent)
3
__

—
75
67
67
67
50
50

Tablet Unit*3
($ Per Dozen)

Average
Weighted Price
($ Per Dozen)

4

5

7.29
9.00
10.00
10.00
10.00
9.67
10.30

7.29
9.00
10.00
10.67
11.33
11.22
11.15
11.50

11.00

a - Other products sold by the firm rarely exceeded one percent of the sales dollars of the firm.
b - A unit consists of one dozen bottles of either the liquid or tablet form of the
medicine where a standard bottle of liquid contained 14.5 ounces of the prod
uct and the standard bottle of tablets contained 72 tablets.
Source:

Kristian S. Palda, The Measurement of Cumulative Advertising Effects
(Englewood Cliffs, N.J.: Prentice-Hall, Inc., 1964), p. 39.
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Appendix H
PRICE AND COST DATA FOR THE
LUCKY STRIKE CIGARETTE BRAND OF THE
AMERICAN TOBACCO COMPANY: 1929 - 1939

Year

Price3
Before Tax and Advertising
($ Per Pack)

Cost
Before Tax and Advertising
($ Per Pack)

2

3

1929
1930

0.0529
0.0529

0.0250
0.0234

1931
1932
1933
1934
1935
1936
1937
1938
1939

0.0608
0.0608
0.0370
0.0476
0.0476
0.0476
0.0503
0.0503
0.0503

0.0225
0.0208
0.0186
0.0225
0.0249
0.0242
0.0271
0.0284
0.0272

1

a - Price indicated is the price charged for the predominant
part of the year.
Source:

Neil Borden, The Economic Effects of Advertising
(Chicago: Richard D. Irwin, Inc., 1942), p. 542.
Richard B. Tennant, The American Cigarette Indus
try, A Study in Economic Analysis and Public Policy
(New Haven: Yale University Press, 1950), p. 291.
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